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1 Introduction 

The present paper is a slightly shorten version of doctoral thesis "Carter subgroups of finite 
groups". The results of the thesis were published in [3-6], [37], and [43]. Although, in the thesis 
all papers were rewritten in order to obtain a coherent text. This rewritten text is given in the 
present paper. 

1.1 General characteristic of the results of the paper 

We recall that a subgroup of a finite group is called a Carter subgroup if it is nilpotent and self- 
normalizing. By a well-known result, any finite solvable group contains exactly one conjugacy 
class of Carter subgroups (see [14]). If a group is not assumed to be finite, then Carter subgroups 
can be even nonisomorhic. Indeed, if Nx, N2 are two nonisomorhic nilpotent groups, then they 
are Carter subgroups in their free product. On the other hand, a finite nonsolvable group may 
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fail to contain Carter subgroups, the minimal counter example is the alternating group of degree 
5. Although there is not known a finite group containing nonconjugate Carter subgroups, and 
the following problem, due to R.Carter, is known. 

Problem 1.1.1. (Conjugacy Problem) Are Carter subgroups of a finite group conjugate? 

This problem for several classes of finite groups closed to be simple was investigated by many 
authors. In symmetric and alternating groups Carter subgroups were classified by L.Di Martino 
and M.C.Tamburini (see [25]). In every group G such that SL n (g) < G < GL n (g) Carter 
subgroups were classified by L.Di Martino and M.C.Tamburini, and in the case G = GL n (q), 
by N.A.Vavilov (see [26] and [2] respectively). For symplectic groups Sp 2n (g), general unitary 
groups GU n (g), and, for q odd, general orthogonal groups GO^(g) the classification of Carter 
subgroups was obtained by L.Di Martino, A.E.Zalessky, and M.C.Tamburini (see [27]). For 
some sporadic simple groups Carter subgroups were found in [22]. In the mentioned above 
nonsolvable groups Carter subgroups coinside with the normalizers of Sylow 2-subgroups, and 
hence are conjugate. 

A finite group G is called a minimal counter example to Conjugacy Problem or simply a 
minimal counter example, if G contains nonconjugate Carter subgroups, but in every group 
H, with \H\ < \G\, Carter subgroups are conjugate. In [23] F.Dalla Volta, A.Lucchini, and 
M.C.Tamburini have proven that a minimal counter example should be almost simple. This 
result allows to use the classification of finite simple groups to solve Conjugacy Problem. 

Note that the using of F.Dalla Volta, A.Lucchini, and M.C.Tamburini result to the classifi- 
cation of Carter subgroups in almost simple groups essentially depends on the classification of 
finite simple groups. Indeed, in order to use the inductive hypothesis that Carter subgroups in 
every proper subgroup of a minimal counter example are conjugate, one needs to know that all 
almost simple groups of order less than the order of a minimal counter example are found. To 
avoid using the classification of finite simple groups we strengthen the result of F.Dalla Volta, 
A.Lucchini, and M.C.Tamburini, proving that if Carter subgroups are conjugate in the group 
of induced automorphisms of every non-Abelian composition factor, then they are conjugate in 
the group. 

To inductive description of Carter subgroups in almost simple groups one needs to know 
homomorphic images of Carter subgroups and intersections of Carter subgroups with normal 
subgroups, i. e., the answers to the following problems. 

Problem 1.1.2. Is a homomorphic image of a Carter subgroup again a Carter subgroup? 

Problem 1.1.3. Is the intersection of a Carter subgroup with a normal subgroup again a Carter 
subgroup (of the normal subgroup)? 

The first problem is closely connected with Conjugacy Problem, namely, if Conjugacy Prob- 
lem has an affirmative answer, then the first problem also has an affirmative answer. So we 
shall solve both of these problems by considering Carter subgroups in almost simple groups. It 
is easy to see that the second problem has a negative answer. Indeed, consider a solvable group 
Sym 3 and its normal subgroup of index 2, the alternating group Alt 3 . Then a Carter subgroup 
of Sym 3 is a Sylow 2-subgroup, while a Carter subgroup of Alt3 is a Sylow 3-subgroup. Thus 
in the paper some properties of Carter subgroups in a group and some of its normal subgroups 
are found. 

The present paper is divided into six sections, including Introduction. In the introduction 
we give general results of the paper, and also necessary definitions and results. 

In the second section we prove that Carter subgroups of a finite group are conjugate, if they 
are conjugate in the group of induced automorphisms of every its non-Abelian composition 
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factor, thereby strengthen the results of F.Dalla Volta, A.Lucchini, and M.C.Tamburini. In the 
second section we also obtain some properties of Carter subgroups. 

In the third section we consider the problem of conjugacy for elements of prime order in 
finite groups of Lie type. At the end of the third section, by using the results on conjugacy, we 
obtain the classification of Carter subgroups in a wide class of almost simple groups. 

In the fourth section we introduce the notion of semilinear groups of Lie type and corre- 
sponding semilinear algebraic groups, and transfer the results on the normalizers of p-subgroups 
and the centralizers of semisimple elements in groups of Lie type. We also obtain some addi- 
tional results on the conjugacy of elements of prime order in these groups. 

In the fifth section we complete the classification of Carter subgroups in almost simple 
groups and prove that Carter subgroups of almost simple groups are conjugate. As a corollary 
we obtain an affirmative answer to Conjugacy Problem and prove that a homomorphic image 
of a Carter subgroup is a Carter subgroup. 

In the sixth section we study the problem of existence of a Carter subgroup in a finite group, 
give a criterion of existence, and construct an example showing that the property of containing 
a Carter subgroup is not preserved under extensions. More over in the last subsection of sixth 
section we give tables with classification of Carter subgroups in almost simple groups. 

I am grateful to my scientific adviser, a corresponding member of RAS, V.D.Mazurov. 
B. J\. Ma3ypoBy. His contribution to my development as a mathematician, an his continuous 
support are inestimable. I am also sincerely thankful to Professor M.C.Tamburini, who has 
initiated my work in these problems, and has provided a help during the work. I especially 
thank Dr. A.V.Vasiliev, Dr. M.A.Grechkoseeva, Dr. A.V.Zavarnitsine, and Dr. D.O.Revin for 
very useful discussion of the paper, that allows to simplify some proofs and to improve inac- 
curacies and mistakes. I am also pleased to Professor A.S.Kondratiev for valuable comments, 
that improving the final text. I am grateful and wish to honor a serene memory of Professor 
Yu.I.Merzlyakov, who awaken my interest to algebra and group theory. 

The work is supported by Russian fond of basic research (projects numbers 99-01-00550, 01- 
01-06184, 02-01-00495, 02-01-06226 and 05-01-00797), grants of President RF for young scien- 
tists (MK-1455. 2005.1 and MK-3036.2007.1), SB RAS (gran N 29 for young scientists and Inte- 
gration project 2006.1.2), and Program "Universities of Russia" (project number UR. 04. 01. 202). 
A part of the work has been made during my post-doctoral fellowship in the university of Padua 
(Italy), and I am grateful to this university, to all members of algebra chair, and, especially to 
Professor F.Menegazzo for support. 

1.2 Notation and results from group theory 

Out notation is standard. If G is a group, then H < G and H <G mean that if is a subgroup 
and a normal subgroup of G respectively. By \G : H\ we denote the index of H in G, Nq(H) is 
the normalizer of H in G. If H is normal in G, then by G/H we denote the factor group of G 
by H. If M is a subset of G, then (M) denotes the subgroup generated by M, \M\ denotes the 
cardinality of M (or the order of an element, if there is an element instead of a set). By Cg(M) 
we denote the centralizer of M in G, by Z(G) we denote the center of G. The conjugate of 
x by an element y in G is written as x y = y~ x xy ( y x = yxy~ r ), by [x,y] = x~ x x v we denote 
the commutator of x, y. The symbol [A, B] means the mutual commutant of subgroups A and 
B of G. For groups A and B the expressions A x B, A o B, and A X B mean direct, central, 
and semidirect products respectively of A and B with a normal subgroup B. If A and B are 
subgroups of G such that A<B, then the factor group B/A is called a section of G. The Fitting 
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subgroup of G is denoted by F(G), the generalized Fitting subgroup is denoted by F*(G). 

The set of Sylow p-subgroups of a finite group G we shall denote by Syl p (G). Iff is a 
homomorphism of G, g is an element of G, then G^, g v are the images of G and g under 
ip respectively GphuptSG^, g v . By G^ we denote the set of stable points of G under an 
endomorphism <p. By Aut(G), Out(G) and Inn(G) we denote the group of all automorphisms, 
the group of outer automorphisms, and the group of inner automorphisms of G respectively. If G 
is a group, we denote by PG the factor group G/Z(G). An isomorphism PG ~ Inn(C) is known, 
in particular, if Z(G) is trivial, then G ~ Inn(G), and we may assume that G < Aut(G). A 
finite group G is said to be almost simple, if there exists a finite group S with S < G < Aut(S'), 
i. e., F*(G) = S is a simple group. For every positive integer t by Z t we denote a cyclic group 
of order t. 

If 7r is a set of primes, then by tt' we denote its complement in the set of all primes. For 
every positive integer n by ir(n) we denote the set of prime divisors of n, and by we denote 
the maximal divisor of n such that ir(n n ) C it. As usual we denote by O n (G) the maximal 
normal 7r-subgroup of G, and we denote by O n (G) the subgroup generated by all 7r-elements of 
G. If it = {2}' is a set of all odd primes, then O n (G) = 2 >(G) is denoted by 0(G). If g e G, 
then by g n we denote the 7r-part of g, i. e., g n — g^' . 

Let G be a group, A,B,H be subgroups of G and B is normal in A. Then N H (A/B) = 
N H (A) fl Nh(B). If x e Nh(A/B), then x induces an automorphism Ba i— > Bx~ x ax of 
A/B. Thus there exists a homomorphism of N H (A/B) into Aut(A/S). The image of this 
homomorphism is denoted by Ant h (A/B) and is called a group of induced automorphisms of 
H on the section A/B. In particular, if S = A/B is a composition factor of G, then for each 
subgroup H < G the group Ant h(S) = Ant h (A/B) is defined. Note that the structure of 
Antn(S) depends on the choice of a composition series. If A, H are subgroups of G, then 
Autff(^4) = Ant H (A/{e}) by definition. 

1.3 Linear algebraic groups 

Necessary information about the structure and properties of linear algebraic groups can be 
found in [12]. Since we consider linear algebraic groups only, we shall omit the word "linear" 
for brevity. 

If G is an algebraic group, then by G we denote the unit component of G. An algebraic 
group is called semisimple, if its radical R(G) is trivial, and an algebraic group is called reductive, 
if its unipotent radical R U (G) is trivial (in both cases an algebraic group is assumed to be 
finite). A connected semisimple algebraic group is known (for example, see [12, Theorem 27.5]) 
to be a central product of connected simple algebraic groups, while a connected reductive 
algebraic group G is known to be a central product of a torus S and a semisimple group M 
with S = Z(G)°, M = [G, G\ , and S n M is finite. 

If G is a connected reductive algebraic group, then let T be its maximal torus (by a torus we 
always mean a connected diagonalizable (d-) group). The dimension of a maximal torus is called 
a rank of an algebraic group. By $(G) the root system of of G with respect to a maximal torus 
T (it does not depend on the choice of a maximal torus) is denoted, and W(G) ~ Nq(T)/T is 
the Weyl group of G. If G is a reductive group of rank n, then the dimension of the centralizer of 
any its element is not less than n. An element is called regular if the dimension of its centralizer 
is equal to n. In particular, a semisimple element s is regular, if Cq(s)° is a maximal torus 
ofG. 

Recall that or every root system $ there exists a set of roots r±, . . . , r n such that each root 
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of $ can be uniquely written as YH=i a i r ii where all coefficients a, are integers, and either 
nonnegative, or nonpositive. Such a set of roots is called a fundamental set of and its 
elements are called fundamental roots. At that a fundamental set is a basis of Z$ ®j_ R. The 
dimension of Z$£g>z[R is called a rank of $. Note that the ranks of G and of its root system 
are equal. Below we assume that all fundamental roots are positive. Then a root r is positive 
if and only if it is a linear combination of fundamental roots with nonnegative coefficients. For 
a root system $ by $ + the set of all positive (negative) roots is denoted. The number 

M r ) = Y!h=i a i i s called a height of r = Y^i=i a i r 'i- m ever Y irreducible root system $ there 
exists a unique root of maximal height, which is denoted by r below. Note that the Weyl 
group W(<&) of a root system $ is generated by reflections in fundamental roots, which are 
called fundamental reflections. If we denote by l(w) the minimal number of multipliers in a 
decomposition of w into the product of fundamental reflections, a (length), then there exists a 
unique element of maximal length, denoted by wo below, that is a unique element of the Weyl 
group mapping all positive roots into negative roots. In general, l(w) is equal to |$~ D ($ + ) w |, 
i. e., to the number of positive roots, that w maps into negative roots. 

Let G be a connected simple algebraic group, n be its exact rational representation, r„- be 
a lattice generated by weights of the representation n. By T ac i we denote the lattice generated 
by the roots of <3>, by T sc we denote the lattice generated by the fundamental weights. The 
lattices T sc , T n , and T a d do not depend on the representation of G, and the following inclusions 
Tad < Ttt < Tsc (see [12, 31.1]) hold. Several distinct algebraic groups, which are called 
isogenies, is known to exist for a given root system. They differs by the structure of 1^ and the 
order of the finite center. If coinsides with r sc , a group G is said to be simply connected, 
it is denoted by G sc . If T n coinsides with T a d, a group G is said to have an adjoint type, it is 
denoted by uepe3 G a( i. Every linear algebraic group with a root system <3> can be obtained as 
a factor group of G sc by a subgroup of its center. The center of G a d is trivial, and this group 
is simple as an abstract group. The factor group T sc /T n is denoted by A(G) and is called a 
fundamental group of G. The factor group T sc /T a d depends on the root system $ only and is 
denoted by A(<3>). Xoporno H3BecTHO, The group A(<E>) is known to be cyclic, except the root 
system $ = D 2n , when A(D 2n ) = Z 2 x Z 2 is elementary Abelian of order 4. 

Let B be a Borel subgroup, T < B be a maximal torus, and U = R U (B) be a maximal 
connected unipotent subgroup of G. There exists a unique Borel subgroup B such that 
B fl B = T, denote by U = R U (B ). If we fix an order on $(G), then each element u G U 
(respectively u G U ) can be uniquely written in the form 



(respectively u = Yl r e<s> x r(tr)), where roots are taken in given order, elements t r -s are in the 
definition field of G and {X r ,r G $} is a set of 1-dimensional T -invariant subgroups (a set 
of root subgroups). The multiplication of elements from distinct root subgroups is defined by 
Chevalley commutator formulae. 

Lemma 1.3.1. [15, 5.2.2], (Chevalley commutator formulae) Letx r (t), x s (u) be elements from 
distinct root subgroups X r and X s respectively, r ^ —s. Then 



u = 




(1) 



r g<j>+ 



[x r (t),x s (u)] 



n 



^ir+js\^ijrs\ tj U J, 



where the constants C^ rs do not depend on t and u. 
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Substantially this formulae means that the mutual commutant of X r and X s is in the group 
generated by subgroups X ir+ j S , where i,j > and ir + js G $. 

Let Cj be the coefficient of a fundamental root r; in the decomposition of r . Primes, dividing 
Cj-s, are called 6ac? primes. The diagram, obtained from the Dynkin diagram by addition of — r 
and its connection with other fundamental roots by usual rule, is called an extended Dynkin 
diagram. Let R be a (connected) reductive subgroup of maximal rank of a connected simple 
algebraic group G. As we already noted, in this case R = G\ o . . . o Gk ° Z(R)°, where Gi-s are 
connected simple algebraic groups of rank less, than the rank of G. More over, if $i, . . . , 
are root systems of Gi,...,Gk respectively, then <J>i U . . . U <3>fc is a subsystem of $. There 
exists a nice algorithm, due to Borel and de Siebental [13] and, independently, Dynkin [7], of 
determining subsystems of a root system. One needs to extend the Dynkin diagram to the 
extended Dynkin diagram, remove some vertices from it, and repeat the procedure for obtained 
connected components. Diagrams obtained in this way are subsystem diagrams and diagram 
of any subsystem can be obtained in this way. 

In Tabled] we give extended Dynkin diagrams of all irreducible root systems and coefficients 
of fundamental roots in the decomposition of tq. The numberring in Table Q] is chosen as in [24]. 

Table 1: Root systems and extended Dynkin diagrams 



Extended Dynkin diagram 

=Tq 



A,. 



E 7 
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For every semisimple element s G G, where G is a connected reductive group, the unit 
component Cq(s)° is a reductive subgroup of maximal rank and Cq(s) / Cq(s)° ~ D < A(G) 
(see Lemma [1.5. 21 below). 



1.4 Structure of finite groups of Lie type 

Our notation and definitions for finite groups of Lie type mainly agree with that of [15] (except 
the definition of finite groups of Lie type, see below). If G is a finite group of Lie type with the 
trivial center (we do not exclude non-simple groups of Lie type, such as Ai(2), all exceptions 
are given in [15, Theorems 11.1.2 and 14.4.1] and cited i Table [2] below), then G denoted the 
group of inner-diagonal automorphisms of G. In view of [41, 3.2] we have that Aut(G) is 
generated by inner-diagonal, field, and graph automorphisms. Note that the definition of a 
field and a graph automorphisms in the present paper is slightly different from the definitions 
given in [41], precise definitions are given in subsection 4.1. Since we are assuming that Z(G) 
is trivial, then G is isomorphic to the group of its inner automorphisms, and so we may assume 
that G < G < Aut(G). 



Table 2: Groups of Lie type which are not simple 



Group 


Properties 


A x {2) 
^(3) 
B 2 {2) 

G a (2) 
2 A 2 {2) 
2 B 2 (2) 
2 G 2 (3) 
2 F 4 {2) 


Group is solvable 
Group is solvable 

B 2 {2) ~ Sym 6 

[G 2 (2),G 2 (2)]^ 2 A 2 (3) 

Group is solvable 

Group is solvable 

[ 2 C7 2 (3), 2 G 2 (3)]^A(8) 

[ 2 F 4 (2), 2 F 4 (2)] is the simple Tits group 



Let G be a simple connected algebraic group over an algebraic closure F p of a finite field 
of positive characteristic p. Here Z{G) can be nontrivial. An endomorphism a of G is called 
a Frobenius map, if G a is finite, while the kernel of a is trivial (i. e., a is an automorphism of 
G as an abstract group). Groups O p (G a ) are called canonical finite groups of Lie type, and 
every group G, with O p (G a ) < G < G a , is called a finite group of Lie type. If G is a simple 
algebraic group of adjoint type, then we shall say that G also has an adjoint type. Note that 
in [15] only groups O p (G) are called finite groups of Lie type. But later in [19] R.Carter says 
that every group G a is a finite group of Lie type, for every connected reductive group G. More 
over, in [18] and [24], without any comment, every group G with O p (G a ) < G < G a is called 
a finite group of Lie type. Thus giving the definition of finite groups of Lie type and of finite 
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canonical groups of Lie type we intend to clarify the situation here. For example, PSL 2 (3) is 
a canonical finite group of Lie type and PGL 2 (3) is a finite group of Lie type. Note that an 
element of order 3 is not conjugate to its inverse in PSL 2 (3) and is conjugate to its inverse in 
PGL 2 (3). Since such information about the conjugation is important in many cases (and is 
very important and useful in the paper), we find it reasonable to use such notation. 

In general, for a given group of Lie type G (if we consider it as an abstract group) a 
corresponding algebraic group is not uniquely defined. For example, if G = PSL 2 (5) ~ SL 2 (4), 
then G can be obtained either as (SL 2 (F 2 )) CT , or as 5 '((PGL 2 (F 5 )) (T ) (for suitable as). Hence, 
for every finite group of Lie type G we fix (in some way) a corresponding algebraic group G 
and a Frobenius map a such that O p (G a ) < G < G a . 

We say that groups 2 A n (q), 2 D n (q), 2 E 6 (q) are defined over F g 2, groups 3 D^(q) are defined 
over f q s, and the remaining groups are defined over f q . The field f q in all cases is called a base 
field. In view of [31, Lemma 2.5.8], if G is of adjoint type, then G a is the group of inner-diagonal 
automorphisms of O p {G a ). If G is simply connected, then G a = O p (G a ) (see [42, 12.4]). In 
any case, in view of [31, Theorem 2.2.6(g)] G a = T a O p (G a ) for every a-stable maximal torus 
T of G. Let U < (X r \r G $ + ) = U be a maximal unipotent subgroup of G (at that U is 
a maximal connected cr-stable unipotent subgroup of G). Then each u G U can be uniquely 
written in form (0Q), where elements t r -s are in the definition field of G. If O p (G) coinsides with 
one of the groups 2 A n (q), 2 B 2 (2 2n+1 ), 2 D n (q), 3 D 4 (q), 2 E 6 (q), 2 G 2 (3 2 " +1 ), or^F 4 (2 2 ™ +1 ),_then 
we shall say that G is twisted, in the remaining cases G is called split. If O p (G CT ) < G < G a is 
a twisted group of Lie type and r G $(G), then by f we always denote the image of a root r 
under the symmetry of the root system, corresponding to the graph automorphism used during 
the construction of G. Sometimes we shall use the notation $ £ (g), where e G {+,—}, and 
® + (o) — ®{<l) i s a s P n t group of Lie type with the base field Fq, &~(q) = 2 &(q) is a twisted 
group of Lie type defined over the field F g 2 (with the base field F q ). 

Let R be a connected cr-stable subgroup of G. Then we may consider R = G n R and 
N(G, R) = G n Nq(R). Note that N(G,R) ^ N G (R) in general, and N(G, R) is called the 
algebraic normalizer of R. For example, if we consider G = SL n (2), then the subgroup of 
diagonal matrices H of G is trivial, hence N G (H) = G. But G = (SL„(F 2 )) CT , where a is a 
Frobenius map a : (di t j) i— > (a 2 ,-). Then H = H a , where H is the subgroup of diagonal matrices 
in SL n (F 2 ). Thus N(G, H) is the group of monomial matrices in G. We use the term "algebraic 
normalizer" in order to avoid such difficulties and to make our proofs to be universal. A group 
R is called a torus (respectively a reductive subgroup, a parabolic subgroup, a maximal torus, 
a reductive subgroup of maximal rank) if R is a torus (respectively a reductive subgroup, a 
parabolic subgroup, a maximal torus, a reductive subgroup of maximal rank) of G. A maximal 
cr-stable torus T of G such that T a is a Cartan subgroup of G a is called a maximal split torus 
of G. _ 

Assume that a reductive subgroup R is a-stable. In view of [42, 10.10] there exists a cx-stable 
maximal torus T of R. Let G^ , . . . , Gy. be a a-orbit of G i± . Consider the induced action of a 
on the factor group 

(G n o . . .oGg/^G, o . . .oG ln ) ~PG il x...x PGy, 

Since PG^ ~ . . . ~ PG^. are simple (as abstract groups), then a induces a cyclic permutation 
of the set {PG^, . . . , PG^ J-, and we may assume that the numberring is chosen so that PG^ = 
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PGj 2 , . . . , PG^. = PGj . Thus the equality 
(PG il x...xPG, i ) ff = 

{x | x = g ■ g a ■ . . . ■ g aH 1 for some g £ PG^}, ~ (PG^)^ 

holds. In view of [42, 10.15] the group PGU is finite, hence O p {{VG h ) aH ) is a canonical finite 
group of Lie type, probably with the base field larger than the base field of O p (G CT ). 

Let B it be the preimage of a a^-stable Borel subgroup of PG^ in G^ under the natural 
epimorphism, and T ix be a cr^-stable maximal torus of G^, contained in B ix (their existence 
follows from [42, 10.10]). Then from the note at the beginning of section 11 from [42], subgroups 
U i x and U il} generated by T^-invariant root subgroups, taken over all positive and negative 
roots respectively, are also cx^-stable. Since G^ is a simple algebraic group, then G^ is gener- 
ated by subgroups and U iv Now Z(Gi 1 o . . . o G^,) consists of semisimple elements, so the 
restriction of the natural epimorphism G^ — ► PG^ on and is an isomorphism. There- 
fore, for each k the subgroups (U h Y and(f/ n ) a are maximal a 3i -stab-le connected unipotent 
subgroups of Gi k and they generate Gi k . 

Thus, U h x (U h ) a x ... x (U^Y 31 ' 1 and U7 x (U^y x ... x (EQ ff, ' i_1 are maximal o- 
stable connected unipotent subgroups of G ix o . . . o G ir and they generate G ix o . . . o G ir . 
By [42, Corollary 12.3(a)], we have 

O p '((G h o...oG ln ) a ) = 

((Uh x (UhT x ... x (^j^- 1 ),, (IJr x (ury x . . . x (ZJ:)^ 1 ),,) ~ 

((^ 1 )^,(^)^)=° P '((GnU)- 

By [42, 11.6 and Corollary 12.3], the group {{U^)^, (U^ )^) is a canonical finite 
group of Lie type. More over, from the above arguments it follows that the groups 
((U ij^n, (U { J a u)/Z (((11^^,(11^^)) and O p '((PG h ) are isomorphic. Denoting 
O p ((G ix o . . . o Gi H ) a ) by Gi, we obtain that Gi is a canonical finite group of Lie type for all i. 
Subgroups Gi-s of O p '(G a ), appearing in this way, are called subsystem subgroups of O p ' (G a ). 

Since G^o. . .oG^. is a a-stable subgroup, then G ix o. . - oGy. flT is a a-stable maximal torus 
of G. n o. . .oGy. . Therefore we may assume that for each cr-orbit {G^, . . . , G^. }, the intersection 
T fl Gi, o . . . o d. is a maximal a-stable torus of Gi, 0...0G; . Then R a = TJG\ o . . . o G m ) 
and T CT normalizes each of Gj-s. 

For a <t- orbit {G fl ,...,Gi ,} of G h , where G; = O p ((G h o . . . oGj r ) ff ), consider Aut^(Gj). 
Since G10. . .oGj_ioG i+1 o. . .oGk°Z a < C^(Gi), we have that Aut^(Gj) ~ (T a Gij jZ (T a Gi) . 
From [31, Proposition 2.6.2] it follows that automorphisms induced by T a on Gj, are diagonal. 
Therefore, the inclusions PGj < Aut^^G^) < PGj hold, in particular, Aut^(Gi) is a finite 
group of Lie type. 

Now consider the case, when L<H < G, where L and H are a-stable and closed. Clearly a 
induces an action on H/L and, if L is connected, then Lang-Steinberg Theorem (Lemma ll.5.3p 
implies (H/L) a = H a /L a . Let R be a cx-stable connected reductive subgroup of maximal rank 
(in particular, R can be a maximal torus) of G. Since groups Nq(R)/R and N W {W^) /W^ are 
isomorphic, where W is the Weyl group of G, is the Weyl group of R (and it is a subgroup 
of W), we obtain an induced action of a on N W {W^) /W^, and we say that W\ = w 2 , for 
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Wi, w 2 G Nw(Wfi) /Wfi, if there exists an element w G N W {W^) /W^ satisfying to the equality 
Wi = w~ 1 w 2 w cr . Let Cl(G a ,R) be the set of Go-conjugated classes of a-stable subgroups R 9 , 
where g G G. Then Cl(G a , R) is in 1-1 correspondence with the set of a-conjugate classes 
Cl(Nw(Wfi) /Wft, a). If w is an element of N W {W^)/W^ and {R g ) a corresponds to the cr-con- 
jugate class of w, then (R 9 ) a is said to be obtained by twisting of the group R by the element 
wa. Further (R 9 ) a — Raw ■ The construction of twisting is known and is given, for example, 
in [17] with all necessary results. When H = T is a a-stable maximal torus and W = Nq(T)/T, 
then by [19, Proposition 3.3.6], 

— = — — ~ C w>a (w) = {x G W | a(x)wx = w}. (2) 

V 1 w J fj \-Lw)<j 

Now assume that the group R is a a-stable parabolic subgroup of G and U is its unipotent 
radical. Then it contains a connected reductive subgroup L such that R/U ~ L. A subgroup L 
is called a Levi factor of R. More over, if ~Z = Z(L)°, then L = Cq{Z) (see [12, 30.2]). Let R(R) 
be the radical of R. Then it is a a-stable connected solvable subgroup, hence by [42, 10.10], it 
contains a a-stable maximal torus Z. Now Cq(Z) = Cj^(Z) is a a-stable Levi factor of R. Thus 
each a-stable parabolic subgroup of G contains a a-stable Levi factor L and L is a connected 
reductive subgroup of maximal rank of G. 



1.5 Known results 

In this section we recall some structure results that will be often used below. 

Lemma 1.5.1. [34, Theorem 2.2] Let G be a connected reductive algebraic group, s G G be a 
semisimple element of G and T be a maximal torus of G, containing s. 

Then Cq(s)° is a reductive subgroup of maximal rank of G. The centralizer Co(s) is generated 
by a torus T, those T-root subgroups X r , for which s r = e and representatives n w of elements 
w G W , which commute with s. Further Cq(s)° is generated by the torus T, those T-root 
subgroups X r , for which s r = e, and each unipotent element centralizing s, is in Cq(s)°. 

LEMMA 1.5.2. [34, Proposition 2.10] Let G be a simple algebraic group and s be its semisimple 
element of finite order. 

Then the factor group Cq(s) / Cq(s)° is isomorphic to a subgroup of the fundamental 
group A(G). In particular, if G is simply connected, then Cq(s) is connected. 

Lemma 1.5.3. [42, Theorem 10.1] Let G be a connected algebraic group and a be a Frobenius 
map. 

Then the map x h- > x~ x x a is surjective. 

The following lemma is known as Borel-Tits theorem. 

LEMMA 1.5.4. Let X be a subgroup of a finite group of Lie type G such that O p (X) is nontrivial. 
Then there exists a a-stable parabolic subgroup P of G such that X < P and O p (X) < R U (P). 

Proof. Define U = O p (X), N = N^(U ). Then U t = U ■ ^(A^-i) and N t = N^Ui). Clearly 
Ui, Ni are a-stable for all i. In view of [12, Proposition 30.3], the chain of subgroups N < 
Ni < . . . < N k < . . . is finite and P = UiNi is a proper parabolic subgroup. Clearly P is 
cx-stable. □ 
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Lemma 1.5.5. (Hartley-Shute lemma [33, Lemma 2.2]) Let G be a finite canonical adjoint 
group of Lie type with the definition field f q . Let H be a Cartan subgroup of G and s G f q . If 
G is twisted and r = f, then assume also that s is in the base field of G. 

Then there exists an element h(x) G H such that X (r) — s , except the following cases, when 
h(x) can be chosen so that x( r ) would have indicated values: 

(a) G — Ai(q), X (r) = s 2 ; 

(b) G = C n (q), r is a long root, X (r) = s 2 ; 

(c) G = 2 A 2 (q), r^f, X (r) = s 3 ; 

(d) G = 2 A 3 (q), r ? f, X (r) = 

(e) G = 2 D n (q), r^f, X (r) = s 2 ; 

(f) G = 2 G 2 {3 2n+1 ) , r = a or r = 3a + b, where a is a short, b is a long fundamental roots, 
X (r) = s 2 . 

Theorem 1.5.6. [37, Theorem 1.1] Let q = p a , where p is a prime, and assume G = Sp n (q), 
or SO £ n (q) < G < GO £ n (q), where q is odd, or SU n (g) < G < GU n (g). If G admits a a Carter 
subgroup K, then either K is the normalizer of a Sylow 2-subgroup of G , or one of the following 
holds: 

(a) G G {Sp 2 (3), SL 2 (3), 2.SU2(3)} and K is the normalizer of a Sylow 3-subgroup of G; 

(b) G = GU 3 (2) has order 2 3 • 3 4 , and K has order 2 • 3 2 . 

Moreover, if G is orthogonal, K is a 2-group, except possibly when G = SO^q). 



2 Conjugacy criterion for Carter subgroups 
2.1 Main results of this section 

Definition 2.1.1. A finite group G is said to satisfy condition (C), if, for every non-Abelian 
composition factor S of every composition series of G and for every its nilpotent subgroup N, 
Carter subgroups of (Autjv('S'), S) are conjugate (in particular, they may not exist). 

Lemma 2.1.2. Let H be a normal subgroup of a finite group G , B <\ A < G and S = 

(A/H)/(B /H) is a composition factor of'G/H, and L < G. 
Then Ant L {A/B) ~ kut LH/H {{A/H)/{B/H)). 

Proof. Since H < B, then H < Cg(A/B), so we may assume that L = LH. Further more we 
may assume that L < Ng(A) n Ng(B) and G = LA. Then the action on A/B given by x : 
Ba I— > Bx~ l ax coincides with the action on (A/H)/(B/H) given by xH : BaH i— > Bx~ 1 axH , 
and the lemma follows. □ 

The following lemma is known. 

Lemma 2.1.3. Let G be a finite group, H be a normal subgroup of G and N be a nilpotent 
subgroup of G = G/H. 

Then there exists a nilpotent subgroup N of G such that NH/H = N. 
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Proof. Clearly we may assume that G/H = N. There exists a subgroup U of G such that 
UH = G. Choose a subgroup of minimal order with this property. Then U n H is contained 
in the Frattini subgroup F of U. Indeed, if there exists a maximal subgroup M of U, not 
containing U H H, then clearly MH = G, which contradicts the minimality of U. Thus the 
group U/F is nilpotent, hence U is nilpotent and N = U. □ 

By Lemmas 12.1.21 and 12.1.31 it follows that, if a finite group G satisfies (C), then for every 
its normal subgroup N and solvable subgroup H, groups G/N and HN satisfy (C). 

In this section we prove that if G satisfies (C), then its Carter subgroups are conjugate. 
More precisely, the following theorem will be proven. 

THEOREM 2.1.4. If a finite group G satisfies (C), then Carter subgroups of G are conjugate. 

Below in subsections 2.2, 2.3 we are assuming that X is a counter example to Theorem 12. 1.41 
of minimal order, i. e., that X is a finite group satisfying (C), and X contains nonconjugate 
Carter subgroups, but Carter subgroups in every group M of order less than \X\, satisfying (C), 
are conjugate. 

2.2 Preliminary results 

Recall that X is a counter example to Theorem 12.1.41 of minimal order. 

LEMMA 2.2.1. Let G be a finite group satisfying (C), \G\ Si |X|, and H be a Carter subgroup 
ofG. 

If N is a normal subgroup of G, then HN/N is a Carter subgroup of G/N. 

Proof. Since HN/N is nilpotent, we have just to prove that it is self-normalizing in G/N. 
Clearly, this is true if G — HN. So, assume M = HN < G (note that by Lemmas 12.1.21 and 
12X31 the group M satisfies (C)). By the minimality of X, M x = M, x G G, implies H x = H m 
for some m G M. It follows xm~ x G N G (H) = H and x G M. This proves that HN/N is 
nilpotent and self-normalizing in G/N. □ 

LEMMA 2.2.2. Let B be a minimal normal subgroup of X and H,K be non-conjugate Carter 
subgroups of X. 

(1) B is non-soluble. 

(2) X = BH = BK. 

(3) B is the unique minimal normal subgroup of X. 

Proof. (1) We give a proof by contradiction. Assume that B is soluble and let n : X — > X/B be 
the canonical homomorphism. Then H 71 and K n are Carter subgroups of X/B, by Lemma r2.2.1[ 
By the minimality of X, there exists x = Bx such that (K^Y = H n . It follows K x < BH. Since 
BH is soluble, K x is conjugate to H in BH, hence K is conjugate to if in X, a contradiction. 

(2) Assume that BH < X. By Lemma EO and the minimality of X, BH/B and BK/B 
are conjugate in X/B: so there exists x G X such that K x < BH. It follows that K x is 
conjugate to H in BH, hence K is conjugate to H in X, a contradiction. 

(3) Suppose that M is a minimal normal subgroup of X different from B. By (1), M is non- 
soluble. On the other hand, MB/B ~ M is a subgroup of the nilpotent group X/B ~ H/HnB, 
a contradiction. □ 
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Lemma 2.2.3. Let K be a Carter subgroup of a finite group G. Assume that there exists a 
normal subgroup B = 7\ x . . . x T k of G such that G = KB, Z(Ti) = {e}, and Tj is not 
decomposable into direct product of its proper subgroups for all i. 
Then Aut^(Tj) is a Carter subgroup of ( Aut^ (Tj), Tj). 

Proof. Assume that our statement is false and G is a counterexample with k minimal, then 
k > 1. Since each group T, has trivial center and is not decomposable into direct product 
of proper subgroups, a corollary of Krull-Remak-Shmidt theorem [38, 3.3.10] implies that the 
action by conjugation of G on the set {T 1; . . . , T k } induces permutations of this set. Clearly, G 
acts transitively, by conjugation, on the set fl := {Ti, . . . ,T k }. We may assume that the Tj-s 
are indexed so that G acts primitively on the set {A 1; . . . , A p }, p > 1, where for each i: 

A; := {7i +(i _i)i, . . . , T u }, k = pi. 

Denote by ip : G — > Sym p the induced permutation representation. Clearly, B < ker <p, so that 
G v = (BKy = K v is a primitive nilpotent subgroup of Sym . Hence p is prime and G^ is a 
cyclic group of order p. In particular, Y := ker ip coincides with the stabilizer of any A,, so that 
ip is permutationally equivalent to the representation of G on the right cosets of Y. For each 
i — 1, . . . ,p, let Si — Ti + (j_i)j x . . . x T it . Then Y = N G (Si) and B — Si x . . . x S p . Consider 
f : Y -> Auty(S'i), let A = Y^, S = Sf . Clearly S is a normal subgroup of A; moreover, S is 
isomorphic to Si, since Si has trivial center. On the other hand, for each i ^ 1, Si < ker £, 
since Si centralizes Si. 

Denote by A I Z p the wreath product of A and a cyclic group Z p , and let {xi = e, . . . , x p } 
be a right transversal of Y. Then the map r] : G — > A\1L V such that, for each x E G: 

X I— > ^ {x,\XX^ x f, ) , . . . , ^pXX^^^ ^ x 1 ^ 

is a homomorphism. Clearly Y 17 is a subdirect product of the base subgroup A p and 

5? = {(a, 1, . . . , G 5}, B« = {(s 1} s p )\s t G S} < Y\ 
Moreover, ker 77 = Cq(B) = {e}, so we may identify G with G v . We choose h & K \ Y. Then 

g = (y, h), h p g f, k = (y n 

and we may assume 

h = (ai,a 2 , ■ ■ .,a p )ir, a, G A, 7r = (1, 2, . . . ,p) G TL p . 

For each i, 1 ^ i ^ p, let ipi : A p — > A be the canonical projection and let Ki := (K n Y)^*. 
Clearly, Y^ = A. Moreover, for each i ^ 2, Ki = Kf~ = i^ 1 - *- 1 

since h normalizes Y D K. 

LetN := (KiX.. .xK p )C\Y. N is normalized by K, since K = (NnK)(h) and K% = K i+l ( modp ). 
We claim that K x is a Carter subgroup of A. Assume n x G N A (Ki) \ K x . From Y = (Y n K)B, 
it follows ni = h x s, h e Ki, s e N s (Ki) \ K l . Let b := (s, s ai , . . . , s" 1 -^- 1 ) G B. Then b 
normalizes N, for: 

j^b ^s ai '" a '-i ^ai...a i _is ai '" a *- 1 ^sai...aj_i ^ai...aj_i ^ 

Now [6, ftr 1 ] := b^hbh' 1 G Y is such that: 

[6, /T 1 ]* = 1 if i ^ p, [6, /r 1 ]^ = [s, («i • • • • • op)- 1 ] 01 -- *- 1 , 
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where a t ■ . . . • a p = (hP)^ 1 G K x . Since s G N s (Ki), it follows 

[a, (a x • . . . • ap)" 1 ] G ifi, [s, {a x ■ . . . ■ flp)- 1 ] 01 '-^- 1 G if p . 

So [o,/*- 1 ] G A" and b G N G (N(h)). But if < iV</i>, implies N G (N(h)) = N(h). Indeed, if 
g G Na(N(h)), then if 9 is a Carter subgroup of N(h). But N(h) is soluble, hence there exists 
y G -/V(/i) with K 9 = K y . Now if is a Carter subgroup of G, thus gy^ 1 G if and (7 G N(h). 
Therefore 6 G N, s G ifi, i. e., n\ G ifi, a contradiction. 

Now A = ifi(Ti x ... x T{) and I < k. By induction we have that Autx^Ti) is a Carter 
subgroup of (Autjf x (Ti),Ti). In view of our construction, Autif(Ti) = Aut^^Ti) and the 
lemma follows. □ 



2.3 Proof of Theorem 12X1 

Recall that B — T\ x • • • x T k , where Tj ~ T is a non-Abelian simple group. What remains to 
prove is k — 1. Ocrajiocb ^,OKa3aTb, uto k — 1. In the notations of the proof of Lemma [2.2.31 
we have shown that Hi is a Carter subgroup of A. If k > 1, then |A| < |X| and A satisfies 
(C). So each Ki is conjugate with Ki in A and A 7 A(ifi) = ifi, i = 1, • • • ,P- It follows easily 
that N is a Carter subgroup of Y. Let y := (yi, . . . ,y p ) G N Y (N). From A^^ = Ki we have 
?/i G Na^Ki) = Ki for each i, hence y & N . 

We have seen that, to each Carter subgroup K of X we can associate a Carter subgroup 
A^ = Nk of Y, such that if normalizes Nk- Clearly, A^ 7^ {e}, otherwise X would have order 
p. So let H be a Carter subgroup of X, not conjugate to if, and let A# be the Carter subgroup 
of Y corresponding to H. If k > 1, then Y is a proper subgroup of X and Y satisfies (C). By 
the minimality of X we obtain that A# and A^- are conjugate in Y, and we may assume that 
A# = Nk- Then HNh = KNh is solvable, hence, the subgroups H and if are conjugate. This 
contradiction completes the proof of Theorem 12.1.41 

2.4 Some properties of Carter subgroups 

Here we shall prove some lemmas that will be useful in studying Carter subgroups in finite 
groups, in particular, in almost simple groups. 

LEMMA 2.4.1. Let if be a Carter and N be a normal subgroups of a finite group G. As- 
sume that KN satisfies (C) (this condition holds if either G satisfies (C) or N is solvable) 
or KN = G. 

Then KN/N is a Carter subgroup of G/N. 

Proof. If KN = G, then the statement is evident. Assume that KN 7^ G, i. e., KN satisfies 
(C). Consider x G G and assume that xN < N G/N (KN/N). Therefore x G N G (KN). We 
have that K x is a Carter subgroup of ifA\ Since if A" satisfies (C), we obtain that its Carter 
subgroups are conjugate. Thus there exists y G KN such that K y = K x . Since if is a Carter 
subgroup of G, it follows that xy^ 1 G Nq(K) = if and x G KN. □ 

Lemma 2.4.2. Let if be a Carter subgroup of a finite group G. Assume also that e 7^ z G Z{K ) 
and C G (z) satisfies (C). 

(1) Every subgroup Y which contains if and satisfies (C) ; is self-normalizing in G. 

(2) Ao conjugate of z in G, except z, lies in Z(G). 
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(3) If H is a Carter subgroup of G, non- conjugate to K , then z is not conjugate to any 
element in the center of H. 

In particular the centralizer C G {z) is self-normalizing in G, and z is not conjugate to any 
power z k 7^ z. 

Proof. (1) Take x G Ng(Y). Then K x is a Carter subgroup of Y. By Theorem 12.1.41 Carter 
subgroups of Y are conjugate. Therefore there exists with K x = K y . Hence 

xy- 1 G N G (K) = K < Y and x G Y. 

(2) Assume z x 1 G Z{K) for some x G G. Then z belongs to the center of (G, G x ) < C G {z). 
Since C G (z) satisfies (C), there exists y G C G (z) such that K x = K y . From xy^ 1 G Cg(z), we 
get z xy = z hence z x = z y = z. We conclude z x = z. 

(3) If our claim is false, substituting H with some conjugate H x (if necessary), we may 
assume z G Z{K) flZ(if), i. e. z G Z((K,H)) < Cg(z). Again since Cg(z) satisfies (C), there 
exists y G Cg(z) such that H = K y ; a contradiction. □ 

Note that for every known finite simple group G (and hence almost simple, since the group 
of outer automorphisms is soluble) and for all elements z G G of prime order we see that com- 
position factors of Cg(z) are known simple groups. Indeed, for sporadic groups this statement 
can be checked by using [21]. Composition factors of Ca„(z) are alternating groups. If G is 
a finite simple group of Lie type over a field of characteristic p and (|^|,p) = 1, then z is 
semisimple and all composition factors of Cg(z) are finite groups of Lie type. If \z\ = p and p is 
a good prime for G, then by Theorems 1.2 and 1.4 from [40], all composition factors of Cg(z) 
are finite groups of Lie type. From papers of several authors it follows that in case when p is 
a bad prime for a finite adjoint group of Lie type G, all composition factors of the centralizer 
of an element of order p are known finite simple groups. Therefore, if we are classifying Carter 
subgroups of an almost simple group A, then by induction we may assume that Ca{z) satisfies 
(C) for all elements z G A of prime order. 

LEMMA 2.4.3. Let Q be a Sylow 2-subgroup of a finite group G. 

Then G contains a Carter subgroup K, satisfying Q < K , if and only if Ng(Q) = QCg(Q)- 

Proof. Assume that G contains a Carter subgroup K, satisfying Q < K. Since K is nilpotent, 
it follows that Q is normal in K and K < QCg(Q) <! Ng(Q). By Feit-Thompson theorem 
(see [29]), we obtain that Ng(Q) is solvable. Thus by Lemma 12.4.2( 1) we have that QCg(Q) is 
self-normalizing in N G (Q), so N G (Q) = QCg(Q). 

Assume now that N G (Q) = QC G (Q), i. e., the equality N G (Q) = Q x 0(C G (Q)) holds. 
Since 0(Cg(S)) is of odd order, it is solvable. Therefore it contains a Carter subgroup K\. 
Consider a nilpotent subgroup K = Q x K\ of G. Assume that x G Ng(K), then x G Ng(Q). 
But K is a Carter subgroup of Ng(Q), hence x G K and K is a Carter subgroup of G. □ 

Definition 2.4.4. A finite group G is said to satisfy (ESyl2), if for its Sylow 2-subgroup Q 
the equality Ng(Q) = QCg(Q) holds. In other words, G satisfies (ESyl2), if every element of 
odd order, normalizing a Sylow 2-subgroup Q of G, centralizes Q. 

Lemma 2.4.5. Let Q be a Sylow 2-subgroup of a finite group G and x be an element of 
odd order from Ng(Q). Assume that there exist normal subgroups G\, . . . ,Gk of G such that 
G\ fl . . . fl Gk H Q < Z(N G (Q)) and x centralizes Q modulo Gi for all i. 

Then x centralizes Q. In particular, if G/Gi satisfies (ESyl2) for all i, then G satis- 
Jies (ESyl2). 
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Proof. Consider the normal series Q^>Q\^>. . -^>Qk^>Qk+i = {e}, where Qi = Qf\(Gif\. . .flGj). 
The conditions of the lemma imply that x centralizes each factor Qi-x/Qi- Since x is an element 
of odd order, this implies that x centralizes Q. □ 

Lemma 2.4.6. Let H be a subgroup of a finite group G such that \G : H\ — 2*, H satisfies 
(ESyl2), and each element of odd order of G is in H (this condition is evidently equivalent to 
the subnormality of H). 
Then G satisfies (ESyl2). 

Proof. Let Q be a Sylow 2-subgroup of G such that Q fl H is a Sylow 2-subgroup of H. 
Consider an element x G Ng(Q) of odd order. Since x G H, then x G Nh(Q) < Nh(Q OH) — 
(Q n H) x 0(N H (Q OH)), i. e., a; G 0(N H (Q OH)). Thus the set of elements of odd order 
in N G (Q) forms a subgroup R = 0(N H (Q n H)) n N G (Q) of N G (Q). Clearly i2 is normal in 
N G (Q), therefore i? = 0(N G (Q)). On the other hand, Q is normal in N G (Q) by definition and 
Q n R = {e}, whence N G (Q) = Qx 0(N G (Q)). □ 

By using the result of this section, we shall improve the definition of minimal counter 
example. 

Definition 2.4.7. A finite almost simple group A is called a minimal counter example, if it 
contains nonconjugate Carter subgroups, but Carter subgroups of every almost simple group, 
of order less than \A\ with simple socle being a known simple group, are conjugate. 



3 Conjugacy in simple groups 

3.1 Brief review of results of the section 

Recall that in view of Lemma [2.4.21 none element from the center of a Carter subgroup can be 
conjugate to its nontrivial power (if the centralizer of the element satisfies (C)). Thus if we 
would be able to prove that each element of prime order r of G is conjugate to its nontrivial 
power and at the same time its centralizer satisfies (C), then we may state that order of a 
Carter subgroup (if it exists) is not divisible by r. 

In this section we obtain the information on the conjugacy of elements of prime order in 
finite simple groups and, by using this information, we obtain a description of Carter subgroups 
in a wide class of almost simple groups. Actually, in almost simple groups, distinct from A e n (q) 
(e = ±), Carter subgroups should be 2-groups, as made clear below. The results can be 
formulated as a list of almost simple groups As, that cannot be minimal counter example (see 
Theorem 13.3.51) . This list is summarized in the Tabled where Field(S') stands for the group 
generated by field and inner-diagonal automorphisms of a finite group of Lie type S. 

Table 3: Finite almost simple groups, which are not minimal counter examples 



Soc(A)= G 


Conditions for A 


alternating, sporadic; 
Ai(p*), Btip*), C^p 1 ), t is even if p = 3; 
2 B 2 (2 2n+1 ),G 2 (p t ), F 4 (p'), 2 F4(2 2 « +1 ); 

£V(p*),p^3;£ 8 (p*),p^3,5 
3 J D 4 (p t ) ! Dvtf), 2 /MA 
t is even if p = 3 in the last 2 cases and, 


none 
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if G = D^p 1 ), |(Field(G) n A) : (G n A)\ v > 1 




5,(3*), Ci(3*), ^(3*), 3 D 4 (3*) J 2 A«(3'), 
i^iM, a I?M + i(r*), 2 G 2 (3 2 « +1 ), 
£ 6 (p'), 2 £ 6 (p'), ^(3*), £ 8 (3*), £ 8 (5') 


A = G 



In particular, A cannot be simple (case A = A £ e (q) is excluded by Theorem I1.5.6R . 
3.2 Preliminary results 

Lemma 3.2.1. Let G be a simple connected algebraic group over a field of characteristic p, t 
be an element of order r of G, not divisible by p. 
Then Cq{€) / C-Q{t) Q is a n(r)-group. 

Proof. Since p does not divide r, then t is semisimple. By Lemma [1.5. 1L C^it) is a connected 
reductive subgroup of maximal rank of G and every p-element of G^(t) is contained in G^(t)°. 
Assume that a prime s G" 7r(r) divides order \C^{t) / (C-^(t)°)\. Then s ^ p and C-^t) contains 
an element x of order s k such that x G" C^r(t)°. Since x,t commute, we have that x • t is a 
semisimple element of G (of order r--- k ). Therefore, there exists a maximal torus T of G 
containing x ■ t. Then (xt) r = x r G T. Since (s,r) = 1, there exists m such that rm = 1 
(mod s k ), thus (x r ) m = x G T. Since art, a: G T, then t G T, so T < C^{tf ', hence a; G G^(t)°; 
a contradiction. □ 

Lemma 3.2.2. Let s £ G be a semisimple element of order r such that (r, A(G)) = 1. 

TTien Cq(s) is connected. In particular, it follows that for every Frobenius map a of G, two 

semisimple elements s, s' G G a are conjugate in G a if and only if they are conjugate in G. 

Proof. Follows from Lemmas 11.5.21 and I3.2.1L □ 

The following lemma plays an important role, since it shows that a semisimple element of 
odd prime order is usually conjugate to its inverse. 

LEMMA 3.2.3. Let G = O r '(G a ), G has an adjoint type and the root system of G has type 
distinct from Ag (£ > 1), D 2 e+i, E e . 

Then each semisimple element of odd order s G G is conjugate to its inverse by an element 
ofG. 

Proof. There exists some cr-stable maximal torus T of G with s G T. T is generated by the 
set {h a (X) | a G A G F } and the factor group Nq(T)/T is isomorphic to the Weyl group 
W of G. If w G W and n w is a preimage of w under the natural epimorphism Nq(T) — > W, 
then h a (X) nw = h a ™(\). Now let wo be the unique involution of W such that u>o($ + ) = $~ 
and let n be a preimage of Wq. Since we are assuming $ ^ A £ {t > 1), D 2 £ + i, and E & , we have 
a w o = - a fo r all a G $, hence h a (X) n ° = h_ a (X) = /i a (A) -1 . We conclude that s n ° = s _1 , j.e. 
that s is conjugate to s" 1 in G. Thus, by the previous Lemma, s and s _1 are conjugate in G a . 
Finally, from G a = T a G, we conclude that s and s _1 are conjugate in G. □ 

LEMMA 3.2.4. Let C be a connected reductive subgroup of maximal rank of G. Denote by 
W and Wq the Weyl groups of G and C respectively, by W-^ the subgroup of W , generated by 
reflections in roots orthogonal to all roots from 3>(G), and by Aq the Dynkin diagram of C. 
Then: 
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(a) N W {W V )/(W V x W£) ~ Aut w (Ac); 

(b) Ng(C)/C~N w (Wc)/Wc. 

Let G = O p '(G a ) be split or one of the groups 2 A e (p t ), 2 D 2 i+i{p t ), 2 E 6 (p t ). If 
s G G is a semisimple element such that C G (s) is connected and N g (Cq(s)) > Cq(s), 
thenN G {C G {s))>C G {s). 

Proof. Point (a) may be found in [17, Proposition 4]. As to point (6), let T be a maximal torus 
of G contained in C, so that we may assume W = N G (T)/T and W G = N G (T)/T. All maximal 
tori of C are conjugate in C, since C is connected. It follows easily that N G (C) = CN N ^^(C). 

Moreover it is shown in [17, Proposition 5] that N N _^(C) = N N _^(N^(T)). Hence, 
Ng(C) _ CN N _ m (N G (T)) ^ N N _ m(N _ m ^ Nw (Wc\ 



C C Nc{T) W- ( 



c 



Now, let G = O p '(G a ) be as in the statement, and set C = C G (s). Write a = rtp, where r 
is the graph automorphism of G induced by a symmetry p of the Dynkin diagram of $ = 
and ip is a field automorphism. Now let r be the isometry which extends p on Euclidean space 
R ®z Z$. If T\ is a cr-stable maximal split torus of G, then for each x G A^-(T 1 )/T 1 , we have 
x a = T x (considering Nq(Ti)/Ti = Wi as a group of isometries of R ®z Z$). Thus if G is 
split, i. e., p = r = e, then a acts trivially on W\. If G is twisted, hence of type At, D 2 t+\, or 
E 6 , it is possible to show directly, that — r G W\. Thus we may twist T\ by — r, obtaining the 
a-stable torus (Ti)_ T . By equation (j2J): 



CwiA- T ) = {xeW l \ t x(-t)x- 1 = -r} = Wi. 



Let {X a | a G $} be the set of Ti-root subgroups and set C\ = (Ti,X a \ a G $(C) ). Since 
$(C) is cr-invariant it follows that C\ is cr-stable. Moreover, since r($(C)) = $(C), we have 
that — r G Nw^Wg). By [17, Proposition 1 and 2], it follows that there exists (Ci)_ T obtained 
from C\ by twisting with — r. Up to conjugation in G we may assume that (Ti)_ T < (Ci)_ T . 
Define T = T x and C = Ci if G is split, and T = (7\)_ T and C = (Ci)- T if G is twisted. 

Since = $(C ), there exists g G G, such that 9 (7 = C and 9 T = T. It follows 

that w = g~ l a(g) G Nq(Cq) fl Nq(T ). So the image w of w in PUo = Nq(T )/T belongs 
to N Wo (Wc ). _ _ 

From G a = T a G it follows (i%(C)) CT = iV 3 ,(C) = T a N G (C). Hence we are done if we 

can show that it is nontrivial the group ^g^^" 7 = ^^g(c) ^ y^fr, which is a subgroup 

nf N G (C G (s)) 
01 C G (-) • 

Using equation j3]) we get 

C a - (Nq(T)/T) (7 - Nc{T)lTn{Ne{T)lT) a 

By our choice of T we have iY ^°' > = ( ~^~ J , i. e. a acts trivially on the finite group Na ^°' > ■ 
Now, if w G W% . by [17, Proposition 1] we may assume w = e, T = T , C = C . It follows 
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i%(T)/T = (i%(T)/T) CT , hence 

(Ng(C)) a ^ N W (Wg) ^ Nc(C) 

C a Wc C 

which is non-trivial by assumption. Finally assume that w G" Wq , i. e. w = g~ 1 a(g) G" Co- 
lt follows that 9 w = (r(g)g- 1 G" C, i. e. 9 wT G" N^(T)JT. On the other hand 9 w G Nq(C) n 
Nq(T). Moreover, since a acts trivially on Nq(T )/T 0i we have that a(wT ) = u>T , i. e. 
a(g)- 1 ga(g)- 1 a 2 (g)_= t G T . Hence 9 t = t G T and ^"'t = (^)- 1 ( t(^) G T. It follows 
that a( 9 wT) = 9 wT. So, if w G" W% , we conclude that 9 wT maps onto a non trivial element of 

-^JV — (T) C^C^) ) /TO (Nq(T) /t) a 

the s rou P a N^m/Tn^mm, ■ 

The rest of this subsection is devoted to unipotent elements in groups of Lie type. 

LEMMA 3.2.5. Let G = O p> (G a ) be a finite group of Lie type with the base field F p t, with p 
odd. If p = 3, suppose t even. Assume further that $(G) 7^ G 2 , F4, E e , E7, E 8 if p = 3, and 
$(G)^E 8 ifp = 5. 

Then every unipotent element u of order p is conjugate in G to some power u k 7^ u. 

Proof. Under our assumptions p is a good prime. By point (i) of [40, Theorem 1.4], there 
exists a closed a-stable subgroup Ai(F p ) of G such that u G Ai(¥ p ). Clearly O p ((Ai(F p )) ff ) 
is isomorphic either to SL 2 (p im ), or to PSL 2 (p* m ), for some positive integer m > 0. Up to 

f 1 C\ . 

conjugation inside Ai(F p ), we may assume u = I ^ j (or is equal to the projective image 
of this matrix) for some ( G F p *m. Under our assumptions, there exist r\ G F p * such that 
1 7^ rf = k G F p . Let x be the matrix ( ^ J or its projective image. Then x G G, and w, 

m 1 = ^ q ^ J = w fc are conjugate in G. □ 

Lemma 3.2.6. Let u e G = G 2 (3 t ) be an element of order 3. 
Then u is conjugate to u~ x in G. 

Proof. By [28, Proposition 6.4] there exist 9 unipotent conjugacy classes in G. All of them 
may be found in Tabled], where denote respectively a short and a long fundamental root 
of G 2 , C is an element of F 3 t such that the polynomial x 3 — x + ( is irreducible in F 3 t[^] 
and rj is a non-square of F 3 t. Since \xi\ =9 and x 2 , x 3 are conjugate to x± in G 2 (F 3 ), we 
only need to verify that x 4 , x 5 , x 6 , x 7 , x 8 are conjugate to their inverses. Using the formulae 

Xp(u) ha ® = xp(t u) for each a, (3 G $ (see [15, Proposition 6.4.1]), we get: Xg"^ 1 ^ = Xg 1 , 
^.M 1) _ ^-1^ 1) _ x -i ^ an( j 1) _ x -i ^ pj na jiy \Ck(x 7 )\ 7^ |C^(xi)| for all i 7^ 7: thus 
also x 7 is conjugate to its inverse. □ 

Table 4: Unipotent classes in G 2 (g), q = 3 t . 



representative x \Ck(x)\ 
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X 


= 1 


q b (q 2 
3q 2 


-l)(g 6 -l) 


Xi 


= ^(1)^(1) 




X2 


= x a (i)xp(i)x 3a+ p((;) 


3q 2 




%3 


= x a (l)xp(l)x 3o , + p(-() 


3q 2 




X 4 


= x a+ p{l)x^ a+ p{\) 


2g 4 






= x a+ p(l)x 3a+(3 (ri) 


2q A 




x & 


= x 2a +p(l) 


q 6 (q 2 


-I) 


Xj 


= ^2o+/3(l)a;3a+2/3(l) 


q 6 




x s 


= ^30+2/3(1) 


q 6 (q 2 


-I) 



LEMMA 3.2,7. Let u e G = -F 4 (3*) be an element of order 3. 
Then u is conjugate to u^ 1 in G. 

Proof. By [39, Table 6] there exist 28 unipotent conjugacy classes of G. All of them may 
be found in Table [5l Recall that in an Euclidean 4-dimensional space with orthonormal base 
£1, £2, £3, £4 all roots of F4 may be written as {±£j±£j, ±£j, i(±£i±£ 2 ±£3±£ 4 )}. In Table[5]the 
symbols ±i±j, ±i, and ±1 ±2 ±3 ±4 denote the roots ±£^ ±£j, ±£j, and |(±£i ±£2 ±£3 ±£4) 
respectively, ^ is a fixed non-square element of F 3 t, £ is a fixed element of F 3 t such that x 2 +^x+rj 
is an irreducible polynomial in F 3 t [2] , C is a fixed element of F 3 t such that x 3 — x + ( is an 
irreducible polynomial in F 3 t[a;]. By using [39, Table 7] one may easily verify that |x 9 | = \x w \ > 
3, \xi\ > 3 for all i > 12. Indeed, by [39, Table 7] we have that elements xg and X10 are conjugate 
in .F4(F 3 ). They also are conjugate to an element (l)x r2 (l)x r3 (l), where the roots ri,r 2 

and r 3 a are fundamental roots in a root system of type A 3 . But it is evident, that \cj\ > 3. 
In all cases when \x{\ > 3, we proceed in a similar way. In the remaining cases one can see 
that |Cx(xj)| 7^ |Cx(xj)| for all i 7^ j. So if |a^| = 3, then i = 1, 2, 3, 4, 5, 6, 7, 8, 11, and x» is 
conjugate to its inverse under G. □ 



Table 5: Unipotent classes F^q), q = 3* 



representative x 


\Ck{x)\ 


Xq = \ 


\K\ 








X\ = £1+2(1) 


q 2 \q 2 - 

2q 21 (q 2 

2q 2 \q 2 


-i)(<z 4 - 


i)(q 6 - 


1) 


£2 = xi_ 2 (1):ei+2(-1) 


- l)(g 3 
-1)(9 3 
-I) 2 


- i)(? 4 


-1) 


X3 = Xl-2(l)xl + 2(-T]) 


+■ i)(? 4 


-1) 


Xi = a; 2 (l)a;3+4(l) 


q 20 (q 2 - 

2q 17 (q 2 

2q 17 (q 2 






£5 = x 2 _ 3 (l)a;4(l)a;2+3(l) 


- 1)(? 3 


-1) 




X 6 = X 2 -3(l)x 4: (l)x2 + 3(r]) 


-1)(9 3 


H) 




X 7 = X 2 (l)lEi_2+3+4(l) 


q 14 (q 2 - 
q 16 (q 2 - 
2q 12 {q 2 

W 


1)(9 6 - 


1) 




x s = x 2 -3(l)a;4(l)a;i-2(l) 


-1) 






Xg = X2-a(l)x3-i(l)xa+4:(-l) 


-I) 2 






Xw = X2-3(l)X3-i(l)x3 + A(-r]) 


-1) 






xn = a; 2 +3(l)a;i+2-3-4(l)a;i-2+3+4(l) 


2q 12 (q 2 
2q 12 (q 2 


'1) 






X12 = £2-3(1)^4(1)^1-4(1) 


-1) 






£13 = £2-3 (1)^4 (1)^1-4 (V) 


-1) 






X14 = £2-4(l)£3+4(l)£l-2(-l)£l-3(-l) 


24q 12 








£15 = £2-4(l)£3+4(l)a;i-2(-»?)£i-3(-l) 


8q 12 








^16 = £2-4(l)£2+4(-??)£l-2+3+4(l)£l-3(-l) 


Aq 12 








£17 = £2-4(l)£3+4(l)£l-2-3+4(l)£l-2(-??)£l-3(0 


4g 12 








£18 = £2(l)£3+4(l)£l-2+3-4(l)£l-2(-l)£l-3(C) 


3q 12 








£19£2-3(1)£3-4(1)£4(1) 


q s (q 2 - 


1) 
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2^0 


= X 2 (l)x 3+ 4(l)x 1 ^ 2 -3-4(l) 




<zV - 1) 


X21 


= sc 2 _ 4 (l)a;3(l)ar2+4(l)a;i-2-34 


4(1) 


2q 8 


^22 


= a; 2 _ 4 (l)a:3(l)a:2+4(»7)a;i-2-3-+ 


-4(1) 


2q 8 


2^23 


= aj 2 -3(l)^3-4(l)2 ; 4(l)a;i-2(l) 




2q e 


2^24 


= 3C2-3(l)a;3-4(l)a;4(l)xi_2(57) 




2q e 


2^25 


= 3C2-3(l)a:3-4(l)a;4(l)xi_2-3- 


4(1) 


3g 4 


2^26 


= 3C2-3(l)a;3-4(l)a;4(l)a;i-2-3- 


4(l)2;i-2+3+4(C) 


3g 4 


#27 


= SC2-3(l)»3-4(l)af 4 (l)xi_2-3- 


4 (l)xi_ 2 +3+4(-C) 


3g 4 



LEMMA 3.2.8. Let u G G be an element of order 3, where G = £^(3*) or G = 2 £ 6 (3') is a 
canonical finite group of Lie type. 
Then u is conjugate to u^ 1 in G. 

Proof. Let G and a be such that G = O p '(G). Since the characteristic equals 3, we have that 
Z(G SC ) = 1. So we may assume G = G sc to be universal. Thus G is simply connected and 
G = G a . We assemble the information from [36, Lemmas 4.2, 4.3, 4.4, and Theorem 4.13] on 
conjugacy classes of unipotent elements of G in Table In Table [6] we substitute the root 
otxTi + air<i + oi$r% + a 4 r 4 + a$r 5 + ot^r^, where n, r 2 , r 3 , r 4 , r 5 , r 6 form a fundamental system 
of Eg, by the 6-tuple a\Oi20i?,oi4pi<z } a§ of its coefficients. 

Note that if n ^ 3 and ri, r 2 , . . . , r n are fundamental roots of root system of type A n , then 
\x ri (l)x ra (l) ... x Tn (1)| > 3. By using this fact we obtain, that |x 4 | > 3, |x7| > 3, \x$\ > 3, 
\xi\ > 3, where z ^ 10, z 7^ 12,16. Thus we have to consider remaining cases only. We have 
that x\ ri<yX ^ = Xi 1 , where A is a square root of —1 in F 3 . For each x G G denote by Ccl(x) its 
conjugacy class in G. Since Cq{x\) = Cq(xi)°, from [34, Theorem 8.5] we have that for every 
Frobenius map a and for every x G Ccl(a;i) D G a , the elements x and x~ l are conjugate under 
G a . So if x G Ccl(a;i) n G, then x is conjugate to its inverse. 



Table 6: Unipotent classes in E§(^-$) 



representative x 


C = C G (x) 
\C : C°\ 


X\ - 


= 2:10000(1) 




1 


X2 - 


= 2:100000(1)2:001000(1) 




2 


X3 - 


= 2:100000(1)2:000100(1) 




1 


X4 = 


= 2;iooooo(l)2:ooiooo(l)2;oooioo(l) 




1 


X 5 - 


= 2;iooooo(l)2:ooiooo(l)2;ooooio(l) 




1 


x 6 - 


= 2;iooooo(l)2:oooioo(l)2;oooooi(l) 




1 


Xj - 


= 2:100000 (1)2:001000 (1)2:000100 (1)2:000010 (1) 




1 


x 8 -- 


= 2:100000 (1)2:001000 (1)2:000100 (1)2:000001(1) 




1 


x 9 -- 


= 2:100000(1)2:001000(1)2:000010(1)2:000001(1) 




1 


X10 


= 2:100000(1)2:001000(1)2:010000(1)2:000010(1) 




1 


x n 


= 2:100000(1)2:001000(1)2:000100(1)2:010000(1)2:000001(1) 




1 


X\2 


= 2:100000 (1)2:001000 (1)2:000010 (1)2:000001 (1)2:010000(1) 




1 


X\3 


= 2:100000 (1)2:001000 (1)2:000100 (1)2:000010 (1)2:000001(1) 




1 


xu 


= 2:010000(1)2:001000(1)2:000100(1)2:000010(1) 




1 


X15 


= 2:010000(1)2:001000(1)2:000100(1)2:010110(1) 




6 


Xl6 


= 2:000001(1)2:000010(1)2:001000(1)2:010000(1) 




1 


xn 


= 2:010000(1)2:001000(1)2:000010(1)2:101100(1) 




1 


xi8 


= 2:000010(1)2:000100(1)2:001000(1)2:100000(1)2:000001 (1)2:111111 


(1) 


2 


X19 


= 2:010000 (1)2:000100 (1)2:000010 (1)2:000001 (1)2:101000 (1)2:001110 


(1) 


1 


X20 


— 2:100000 (1)2:010000 (1)2:001000 (1)2:000100 (1)2:000010 (1)2:000001 (1) 


3 



For the other Xj-s such that 3, with i ^ 2, we proceed in the same way. We are left with x 2 . 
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By [34, Theorem 8.5] we have that, for every Frobenius map a, Ccl(x 2 )nG cr consists of two con- 
jugacy classes of G = G a . Assume first that G = E e (3 t ). Then, by [36, Lemmas 4.2 and 4.4] we 
have, that if a; G GclfezjOG, then x is conjugate under G either to y\ = £100000(1)^001000(1), or to 
V2 = ^iooooo(l)^ooiooo(l)^oooooi(l)^i2232i(^), where rj is a nonsquare in F 3 *. By [36, Lemma 4.2] 
\C G (yi)\ = 2g 26 (g 2 - 1)V - l) 2 , by [36, Lemma 4.4] \C G (y 2 )\ = 2y 2 %q 4 - l)(g 6 - 1). For 
i = 1,2, let Cc\a(yi) be the conjugacy class of yi in G. Since |Cg(|/i)| ^ |C*g(?/2)| we have, that 
yi is conjugate to its inverse under G for i = 1, 2. So if x G Cc1g(?/i), or x G Cc1g(?/2), then x 
is conjugate to its inverse under G. Now assume that G = 2 E e (3 t ) and denote E e (3 2t ) by G\. 
Then G = (Gi) T for some graph automorphism r of G\. There exists a Frobenius map a such 
that Gi = G a , G = GfjT (see [32, (7-2)]). Let Cell and Ccl2 be two conjugacy classes of G\ 
contained in Ccl(x 2 ) H G\. We prove that every x G Cclj, % = 1,2, is conjugate to x" 1 b Gi. 
Since Ccl(x2) H G consists of two conjugacy classes of G, we have that Cell n G consists of one 
conjugacy class and Ccl2 H G consists of one conjugacy class. So, every x G Ccb PI G, i — 1, 2 
is conjugate to its inverse under G. □ 

Lemma 3.2.9. Let O p '(G a ) < G < G a be a finite adjoint group of Lie type over a field of odd 
characteristic p and the root system $ of G is one of the following: A n (n ^ 2), D n (n ^ 4), B n 
(n ^ 3), G2, i*4, Eq, E 7 or E 8 ; and G 9^ 2 G2(3 2n+1 ). Let U be a maximal unipotent subgroup 
of G, H be a Cartan subgroup of G, normalizing U, and Q is a Sylow 2-subgroup of H . 
ThenCu(Q) = {e}. 

Proof. Clearly we enough to prove the lemma for the case G = O p '(G (7 ) = O p '(G), i. e., we may 
assume that G is a canonical adjoint group of Lie type. 

First assume that G is split. Assume that Cjj(Q) 7^ {e} and u G Cu(Q) \ {e}. Consider 
decomposition (pQ) of u = Yl r e<s>+ x r(t r ), where t r are from the definition field f q of G. In view 
of [15, Theorem 5.3.3(ii)] this decomposition is unique. Since for every h(x) G H, r G $, t G F g 
the formulae h(x)x r (t)h(x)~ 1 — 2v(x( r )^) holds (see [15, p. 100]), then we obtain that each 
multiplier x r (t r ) in decomposition (DQ) of u is in Cjj(Q). So we may assume that u = x r (t) for 
some r G $ + and t G F* Under our restriction on by Hartley-Shute lemma fT.5.51 there exists 
h(x) G H such that x( r ) — ~ 1- Since h(x) 2 — h(x 2 ) ( see [15, p. 98]), then we have that x 2 ( r ) 
I . i. e., |/i(x) 2 | < |^(x)l- Hence, \h(x)\ is even and we may write h(x) = h 2 ■ h 2 < = h(xi) ■ h(x2), 
a decomposition of h(x) as a product of its 2- and 2'- parts. Now x( r ) — Xi( r ) ' X2( r ), therefore 
Xi( r ) — — 1 an d Xzi 7 ") = 1- Thus h(xi)x r (t)h(xi)~ 1 = x r (—t) 7^ x r (t). Since h(xi) G Q, the 
obtained equation contradicts to the choice of x r (t) G Cu(Q)- 

Assume that G ~ 2 A n (q), G ~ 2 D n (q), or G ~ 2 E & (q), then $(G) equals A n , D„ and £ 6 
respectively. Denote by f the image of r of $ under the corresponding symmetry. In terms 
of [15], the root system $(G) is expressible as a union of equivalency classes ^i-s, while each 

has type either Ax, or A 1 x A\, or A 2 . In view of [15, Proposition 13.6.1], the equality 
U — Yli X^ t holds, where 

= {x r (t) I t G FJ, 

if ^/i = {r} has type A± (here r = f); 

X 9{ = {X r (t)x f (t q ) \ teF g 2}, 

if = {r, f} has type A\ x A\ (here r 7^ f, and r + f G" $(G)); 

= {x r (t)Xf{t q )x r+ r(u) I t G F 9 2,u + u q = -N r r r tt q }, 
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if = {r, r,r + r} has type A 2 (here r^r and r + r G $(£?)). Now if is an element of 
if, then the following equalities hold (see [15, p. 263]): 

h(x)M t )Hxy 1 = x r (x(r)t), 
if r = f and = {r} has type Aj; 

/i(x)x P (t)x F (f)/i(x)" 1 = x r (x(r)t)x r -( X (r)t«), 
if r ^ f, r + f g and = {r, f} has type A x x Ai; 

Mx)^)^ (t 9 )x r+ r(u)Mx) -1 = (x(r)t)x f (x(r)t 9 )x r+f (x(r + f)u), 

if r 7^ f, r + f G $(G) and = {r, f, r + f} has type A 2 . 

Let u be a nontrivial element from Cjj(Q). Then w contains a nontrivial multiplier from 
Xy i for some z. In view of uniqueness of decomposition into the product IL^^i ( see [15, 
Proposition 13.6.1]) we may assume that u G X^. 

Assume that ^ has type Ai, i. e., u = x r (t), t G f q , r = f. In view of Hartley-Shute 
lemma fT.5.51 for each s G f q there exists h(x) £ # such that x( r ) — s - Take s = —1. Then 
there exists h(x) G # such that x( r ) — ~ 1- Since /i(x) 2 = Mx 2 ) (see formulae on p. 98 
from [15]), then we have that x 2 ( r ) = 1 3 i- e. IMx) 2 | < IMx)l- Hence order |/i(x)| is even 
and we may write h(x) — h 2 ■ h 2 > = h(xi) ' h(Xz)i a decomposition of h(x) into the product 
of its 2- and 2'- parts. Now x(r) = Xi( r ) ' X2(r), therefore Xi( r ) — — 1 an d X2( r ) = 1- Thus 
MxO^r^Mxi) 1 — ^r( — 7^ x r (t). So the case u = x r (t) and ^ = {r} has type A\ is 
impossible. 

Assume that ^ = {r, f} has type ii x 4- By Hartley-Shute lemma [T. 5 .51 for every s G F q 2 
there exists /i(x) G H such that x( r ) = g2 - Since there exists s G F g 2 such that s 2 = —1, then 
there exists h(x) G # such that x( r ) — ~ 1- As above can be written as fo(xi) • MX2), a 
product of its 2- and 2'- parts. Then Xi( r ) — — 1 3 s ° 

/i(Xi)^r(i)^f(* 9 )^(xi) _1 = av(-t)x f (-t 9 ) 7^ a; P (t)a; f (t 5 ). 

Thus the case u = x r {t)x f {t q ) and \I/ = {r, f} has type Ai x Ai is impossible. 

Assume that \I/ = {r, f, r + f} has type A 2 . By Hurtley-Shute lemma fT. 5 .51 for each s G ¥ q 2 
there exists /i(x) G if such that x(r) = s 3 . Choose s = —1, then there exists h(x) G H such 
that x(r) = —1. Again h(x) = h(xi) • h{xz) is expressible as the product of its 2- and 2'- parts 
and Xi( r ) 7^ 1- Then 

/i(Xi)x r (t)x f ()f: 9 )x r . +f (M)/i(xi) _1 = 

x r (-t)xf(xi(-t q )x r+ r(xi(r + r)u) ^ 

x r (t^jXf {t q ^x r .\-f yu) 

for t 7^ 0. If t = 0, then choose s so that s 2 = —1. Then Xi( r + f) = — 1 and, as above, we 
obtain the inequality. Hence this case is impossible. 

Assume at last that G — 3 D^(q). In terms from [15], a root system $(G) is expressible as 
a union of equivalency classes ^j, when each has type either Aj, or Ai X Ai x A%. In view 
of [15, Proposition 13.6.1], the equality U = Yli-^^i holds, where 

X 9i = {x r (t) I t G FJ, 
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if = {r} has type A\ (here r = r); 

X 9 . = {x r (t)xf(t q )x f (t q2 ) | t G F 9 3>, 

if = {r, f, f} has type A x x A\ x Ax (here r ^ f and r + f ^ $(G)). In both cases, by 
Hartley-Shute lemma fT.5.51 there exists h(x) G such that x( r ) = ~ 1> As above we may 
assume that h(x) is a 2-element, i. e. h(x) G Q and h(x) does not centralizes nonidentical 
elements from X^., and the statement of Lemma 13.2.91 follows in the last case. □ 

Lemma 3.2.10. In the notations of Lemma \3.2.9\ with p odd, let K be a Carter subgroup of 
G such that \K\ = 2 a p b . 

Then a > 0. More precisely, up to conjugation, O p (K) < Cu(Q). In particular, under the 
assumptions of Lemma I3.2.9L K is a 2-group. 

Proof. The condition a = would imply K = U. But U is normalized by H which is non- 
trivial as p is odd and G is simple. Thus a > 0. Now, assume b > 0. By Borel-Tits theorem 
(Lemma fl.5.41) . K i contained in a proper parabolic subgroup P of G and O p (K) < O p (P). Since 
P = LO p (P), where L is a Levi factor of P, from LemmaEOit follows that KO p {P)/O p {P) ^ 
2 {K) is a Carter subgroup of P/O p (P) = L. Thus C-2(K) is a Sylow 2-subgroup of L. But L 
contains H, therefore we may assume that Q < K. It follows that O p (K) < Cu{Q)- □ 

Lemma 3.2.11. Let G be a non-Abelian simple group not of Lie type. 
Then every element z of odd order is conjugate to some z k ^ z. 

Proof. By the classification of finite simple groups, G is either alternating, or sporadic. Our 
claim can be checked directly in first case, and using the description of the conjugacy classes 
given in [21] in the second case. □ 

3.3 Almost simple groups which are not minimal counter examples 

In this subsection A denotes a minimal almost simple group that is a minimal counter example 
(see definition 12.4.71 ). If G is a group of Lie type, we denote by Field(G) the subgroup of 
Aut(G) generated by inner, diagonal, and field automorphisms. If G is a simple group which 
is not of Lie type, we set G = G to unify notations. More over for each x G G we assume that 
composition factors of the centralizer Cq(s) are known simple groups, and so Cg(s) satisfies 
(C). As we noted in subsection 2.4, this assumption is always true. We say it here in order to 
emphasize that all results do not depend on the classification of finite simple groups. 

Lemma 3.3.1. Let A be a minimal counter example and G = F*(A). Assume that for every 
element z G G of odd prime order, z is conjugate to some z k ^ z in G. 
Then A is not a minimal counter example if one of the following holds: 

(a) \A : G PI A\ is a 2-power; 

(b) \G : (G H A)\ is a 2-power and , if$(G) has type D 4 , then |(Field(G)n) : (G n A)\ 2 > > 1; 

(c) for every odd prime r and every Sylow r -subgroup R of A, either RC\G has no complement 
in R, or all such complements are conjugate in A. 
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Proof. Let K, H be nonconjugate Carter subgroups of A. Note that by Lemma 12.4.2( b) it 
follows that K C\G and H flG are 2-groups. We prove (c) first, that we show that (a) and (b) 
follows from (c). 

(c) By Theorem ET1 and Lemma [2X11 we obtain that KG/G = HG/G = A/G. In 
particular, if r is a prime divisor of then r divides both \K\ and \H\. By Lemma [2.4.21 

and by conditions of this lemma, it follows that K R G and H fl G do not contain elements of 
odd prime order, i. e., are 2-groups. If R fl G has no a complement in R we get a contradiction 
immediately, if all such complements are conjugate in A, we obtain a contradiction with Lemma 
12.4.21 (c). Thus we obtain that |^4/G| is a 2-power, hence K and H are 2-groups, that is 
impossible. 

Now (a) evidently follows from (c). As to (b), then it also follows from (c), by using the 
conjugacy of complements, that follows by Lemma 14.2.61 □ 

Note that all non-Abelian composition factors of the centralizer of every element of the 
alternating group Alt n are alternating groups of lower degree. So Lemmas 13.2.111 and 13.3.11 and 
induction by n imply immediately that Carter subgroups of Aut(Alt n ) with n ^ 5 either are 
Sylow 2-subgroups or do not exist. The same statement holds for sporadic groups. Thus the 
following statement is true. 

LEMMA 3.3.2. Let S be a finite non-Abelian simple group, that is either sporadic, or alternat- 
ing. 

Then, for every subgroup A of Aut(S'), a Carter subgroup either does not exist, or is a Sylow 
2-subgroup. 

THEOREM 3.3.3. Let G be a finite adjoint group of Lie type such that G = P^ 2 (2M-i) (P*) > an( ^ 
assume that t^2. 

Then G is not a minimal counter example. 

Proof. Assume that our statement is false. Then G contains a Carter subgroup K, that is not 
a 2-group. Let s G Z(K) be an element of odd prime order r. Then we may assume that s is 
semisimple, except, probably, the case, when p ^ 2 and \K\ = 2 a p b . But this is impossible in 
view of Lemmas 13.2.91 and 13.2. 10L Hence s is semisimple and from K < Ca(s) it follows that 
Cg(s) is self-normalizing in G (see Lemma [2.4.2( a)). Now let G = ^2(21+1) (Fp) and a be such 
that G a = ^2(2^+1) (P*) ■ More over set K to be equal to the preimage of K in G a . Clearly K is 
a Carter subgroup of G a and we may identify s with its preimage in G a , since the center of G a 
has order 2 or 4. Since \s\ is odd, Lemma l3.2. II implies that C = Cq(s) is a connected reductive 
subgroup of maximal rank of G (see Lemmas ll.5.1l and ll.5.2l ). More over C is a proper subgroup 
of G, since s <£ Z(G). By Lemma [3JL! the group N W (W C )/W C is isomorphic to Nq(C)/C. 
By using the description of Nw(Wc)/Wc, given in [18, Proposition 10] and Lemma 13.2.41 we 
conclude that Nq(Cg(s)) / Cc(s) is trivial only if Wq and Aut^A^) are both trivial. From 
assumption t > 2 it follows that this occurs precisely when m 1 = and m 2 i+i = 1 (in the 
notations from [18]). In this case C = A 2 e(f p ) * S, where S is a 1-dimensional torus. By using 
the fact that G contains exactly one class of connected reductive subgroups isomorphic to C, 

and assuming that G preserves the bilinear form induced by J = ( ^ ^ J , we may identify C 
with the image of GL 2 ^ + i(F p ) under a monomorphism ip such that 

-S ~ ! A 

A ' (A- 1 )' 
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By Lang-Steinberg theorem (Lemma 11.5.31) . we may assume that either C a = <^(GL 2 ^+i(p*)), 
or C a = Lp(GXJ 2 e+i(p 2t )). Since K is a Carter subgroup of C a and I > 2, by [26], [27], and 
Theorem 11.5.61 it follows that K is the normalizer of a Sylow 2-subgroup P of C CT , and either 
p l = 2 (and C a = ip(GL 2 e+i(p t ))), or p is odd. From s G Z{C a ) it follows that r = \s\ divides 
p l — 1 if C a ~ GL 2 £+i(p*), and that r divides p l + 1 if C CT ~ GU 2 £+i(p 2 *). In particular p is 
odd. By using known structure of normalizers of Sylow 2-subgroups in classical groups (see [9] 
and [20]), we may assume that K is a subgroup of the following group 



B e GL 2£ (p<) , P e F A if C a ~ GL 2 , +1 ( P *) 



B 

o p 

L = {[ B a ° a V | B G GU 2 ,(p 2t ) , /3 pt+1 = 1 !> if C ff ~ GlW(p 2 ^ 



/3 



As we noted above, there exists y G L such that y = I ^ 2£ ^ ) where 7 has order r. Since 



7 

y is in the center of L, it is also in the center of K . Thus K < Cc GtT ( s ){y) = \pc{y)) ■ 
From isomorphism C ~ GL 2 ^ + i(F p ) it follows that Cc{y) is a connected reductive cx-invari- 
ant subgroup of maximal rank of G. Thus, in view of above mentioned result by Carter [18, 
Proposition 10], (Cc(y)) is self-normalizing in G a only if Cc(y) is conjugate to C. But 
dim(Cc(y)) < dim(C), since y is not in the center of C. Thus {Cc(y))a is not self-normalizing 
in G a . Since Z{G) < Cc{y), it follows that the factor group (Cc(y))a/(Z(G)) a is not self- 
normalizing in G a /(Z(G)) (T = G. Thus we have obtained a contradiction with Lemma l2.4.2l (a). 
since K is contained in (Cc(y)) a /(Z(G)) a , and {Cc(y))a/{.Z(G)) a satisfies (C). □ 

THEOREM 3.3.4. Let Eq(p 1 ) < G < El(p l ). Then G is not a minimal counter example. 

Proof. Assume that our claim is false. Then, by Lemma [2.4.2( c). G admits a Carter subgroup 
K, which does not contain any Sylow 2-subgroup of G. In particular K is not a 2-group. 
Let s G Z{K) have odd prime order r. By Lemmas 13.2.51 13.2.81 and 12.4.21 p does not divide 
\K\. Hence s is semisimple and K is contained in Cg(s), which, in virtue of Lemma [2.4.21 (a). 
is self-normalizing. If \s\ 7^ 3, then, by Lemma [3.2.21 it follows that Cq(s) is connected. If 
|s| = 3, then, by Lemma ["1.5.21 it follows that \C : C°\ divides A = 3. Direct calculations by 
using [24] and [36] show that Cg{s) is not self-normalizing, if \s\ = 3. Therefore we may assume 
that \s\ ^ 3 and Cq(s) is connected. Since Cg(s) is self-normalizing, Lemma 13.2.41 shows that 
C = Cq(s) is self-normalizing as well. By [36], we obtain that C is self-normalizing if and only 
if C — t4 4 (F p ) o Ai(Fp) o S, or C = _D 5 (F P ) o S, where S is a 1-dimensional torus of G. 

If C = Ai(Fp) o Ai(Fp) o S, then like in proof of Theorem 13.3.31 we may find an element 
y G Z{K) such that \y\ = r and Ca((s) x (y)) is not self-normalizing; a contradiction with 
Lemma [2~01 

So, assume that C = D 5 (¥ p )oS. Then Cg(s) = CnG = HL, where if is a Cartan subgroup 
of G and L = O p '(C G (s)) is either £> 5 (p*) or 2 D 5 (p r ). Since \L : L\ divides 4, then 

2 ,{H) = (0 2 ,(H) n Z(C G (s))) x (0 2 '(H) n L). 

Denoting by Q a Sylow 2-subgroup of Cg(s), we claim that N Cg ( s )(Q) = QZ(C G (s)). Indeed, 
let x be an element of N Cg ( s )(Q)- From H = 2 (H) x 2 >(H) and Cq{s) = HL, we can write 
x = hizl with h\ G 2 (H), z G 2 >{H) n Z(C G (s)), I G L. We may clearly assume 2 (#) < Q: 
thus Z G N CG (a)(Q)- From L normal in C G (s), it follows Z G N L (Q D L). By [9], A^ L (Q D L) = 
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Q fl L, so, I G We conclude that Nc G ( s )(Q) = QZ(Cc{s)) is nilpotent, hence a Carter 
subgroup of Cq{s). Since Cq{s) < G, all Carter subgroups in Ca(s) are conjugate. Therefore, 
up to conjugation, K = Nc a ( s )(Q)- In virtue of the formula |(C) CT | = \M a \ ■ \(Z(C)°) a \, where 
M a = L in our notation (see [18]), we have that \G : Cq{s)\ is odd, so Q is a Sylow 2-subgroup 
of G, a contradiction. □ 

Our results are summarized in the following theorem. 

Theorem 3.3.5. An almost simple group A, with socle c v^okoacm G is not a minimal counter 
example in the following cases: 

(a) G is alternating, sporadic, or one of the following groups: Ai(p t ), B^p 1 ), Cz(p l ), where 
t is even if p = 3; 2 B 2 (2 2n+1 ), G 2 (p t ), F 4 (p r ), 2 F 4 (2 2n+1 ), 3 D 4 (q); E^p 1 ), where p ^ 3; 
E^ij) 1 ), where p / 3,5, D 2e (p r ), ^D^p 1 ), 2 D 2 e(p t ), where t is even if p = 3 and, more 
over, ifG = D A (p l ), then |(Field(G) n A) : (G D A)\ 2 , > 1; 

(b) A is one of the following groups: B^), D 2i (3 t ), 2 D 2 t(3 t ), D 2e+ i(p l ) ; 2 D 2 £ + i(r t ), 
3 L> 4 (3'), 2 G 2 (3 2 " +1 ), El(rt), Eli?), E 7 {$), E s {#), ifc(5*), C<(3*); 

In particular, no simple group, can be a minimal counter example. More over, if each almost 
simple group with known simple normal subgroup satisfies (C), then in all above mentioned 
groups a Carter subgroup (if exists) contains a Sylow 2-subgroup. 

Proof, (a) We claim that every element z G G of prime odd order is conjugate, under G, to 
some power z k ^ z. When G is alternating or sporadic this is true by Lemma 13.2.111 and when 
G is of Lie type and z is semisimple, this is true by Lemma 13.2.31 On the other hand, when z is 
unipotent (hence p is odd), our claim follows from Lemmas 13 . 2.61 [372771 if G = G 2 (3*), ^(3*) and 
from Lemma l3.2.5l in the remaining cases. Finally, if G — 3 D 4 (g), then by [44, Theorem 1.2(vi)] 
each element of G is conjugate to its inverse. Thus (a) follows from Lemma 13.3.11 since for all 
groups under consideration we have either that \G : G\ is a power of 2, and so by Lemma 14.2.61 
all complements of odd order are conjugate, or that \A : A fl G\ is a power of 2 (see [21], for 
example). 

(b) Our statement follows from the results obtained in [27] and Theorem 11.5.61 when G = 
£ 2 (3') ~ C 2 (3*) or G = Q(3*), and from Theorems [373731 and [373741 when G is one of the 

groups -Df £+1 (p*), EKp 1 ) or E^p 1 ). So assume that we are in the remaining cases. Every 
semisimple element z G G of prime odd order is conjugate to some z~ l by Lemma 13.2.31 
Thus, in characteristic 2 a Carter subgroup K of G can only be a Sylow 2-subgroup and, in 
odd characteristic, K can only have order 2 a p b . If G ^ 2 G 2 (3 2n+1 ), then the assumptions of 
Lemma 13. 2 .91 are satisfied and, by using Lemma l3.2.10l we conclude that K is again a 2-group. 

Now assume G = 2 G 2 (3 2n+1 ) (here n ^ 1). Then \K\ = 2 a 3 b . Since the normalizer of a 
Sylow 2-subgroup of G contains an element of order 7 (see [11]), then we obtain that b > 0. 
By Lemma fl .5.41 K is contained in a proper parabolic subgroup P of G. Since Lie rank of G 
equal 1, then P is a Borel subgroup, i. e. P = U X H , where if is a Cartan subgroup and U is 
a maximal unipotent subgroup of G. Since P is solvable, it satisfies (C) and by Lemma [2.4.11 
KU/U is a Carter subgroup oiP/U ~ H. But forn ^ 1 the subgroup H contains an element of 
odd order, so K contains an element of prime odd order. A contradiction with \K\ = 2 a 3 b . □ 
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Note that after proving the statement that for every known finite simple group S and a 
nilpotent subgroup iV < Aut(S'), Carter subgroups of (N,S) are conjugate, Theorem 13.3.51 
would imply that Carter subgroups in the groups mentioned in the theorem should contain a 
Sylow 2-subgroup. By Lemma l2.4.3l this is possible only if the normalizer of a Sylow 2-subgroup 
Q in A satisfies Na(Q) = QCa{Q), i- e. if and only if A satisfies (ESyl2). In [9] and subsequent 
results of the present paper, simple groups satisfying (ESyl2) are completely determined. More 
over Lemmas 14.3.11 and 14.3.31 allow to "lift" the property (ESyl2) from a simple group to an 
almost simple group. Thus a complete classification of Carter subgroups in groups mentioned 
in Theorem 13.3.51 is known. 

4 Semilinear groups of Lie type 

In this section we shall give a definition of semilinear groups of Lie type and generalize re- 
sults about the structure of finite groups of Lie type for them. We need this theory to finding 
Carter subgroups in extensions of groups of Lie type by field, graph, or graph-field automor- 
phisms in section 5. In the last subsection of this paragraph we shall consider the existence of 
Carter subgroup in semilinear groups, either containing a Sylow 2-subgroup, or contained in 
the normalizer of a Borel subgroup. 

4.1 Basic definitions 

Now we define some overgroups of finite groups of Lie type. We first give a more detailed 
description of a Frobenius map a. Note that all maps in this section are automorphisms, if 
G is considered as an abstract group, and they are endomorphisms, if it is considered as an 
algebraic group. Since we use the maps to construct connected automorphisms of finite groups 
and groups over algebraically closed field, we find it appropriate to call all maps in this section 
by automorphisms. Let G be a connected simple linear algebraic group of adjoint type over the 
algebraic closure F p of a finite field of positive characteristic p. Below, if we do not say opposite, 
we shall consider groups of adjoint type. Choose a Borel subgroup B of G, let U = R U (B) 
be the unipotent radical of B. There exists a Borel subgroup B , satisfying B fl B — T, 
where T is a maximal torus of B (hence of G). We partially duplicate the notations and the 
definitions of subsection 1.3 here. Let $ be the root system of G and let {X r \ r G $ + } be 
the set of T-invariant 1-dimensional subgroups of U. Each X T is isomorphic to the additive 
group of F p , so each element of X r can be written as x r (t), where t is the image of x r (t) under 
this isomorphism. Denote by U = R U (B ) the unipotent radical of B . Define like above 
T-invariant 1-dimensional subgroups {X r \ r G $ - } of U . Then G = (U,U }. Let tp be a 
field automorphism of G (as an abstract group) and 7 be a graph automorphism of G. An 
automorphism <p is known to may be chosen so that it acts by x r (t)^ = x r (t p ) (see [15, 12.2] 
and [19, 1.7], for example). In view of [15, Propositions 12.2.3 and 12.3.3], we may choose 7 
so that it acts by x r (t)^ = x f {t), if $ has no roots of distinct length, and by x r (t)^ = x f (t Ar ) 
for suitable A r G {1,2,3}, if $ has roots of distinct length. Recall that f is the image of r 
under the symmetry p (corresponding to 7) of a root system $. In both cases we can write 
x r (ty = Xf(t Ar ), where A r G {1,2,3}. From this formulas it is evident that (p ■ 7 = 7 • ft- 
Let n r (t) = x r (t)x- r (— t _1 )x r (t) and iV = (n r (t) \ r G $,t G F„). Let h r (t) = n T {t)n r {—\) 

and H = (h r (t) \ r G $,t G F ). By [15, Chapters 6 and 7], if is a maximal torus of G, 
N = Nq(H), and subgroups X r are root subgroups with respect to H. So we can substitute 
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T by H and assume that T is (p- and 7- invariant under our choice. More over, (p induces a 
trivial automorphism of N/H. Note that H < B n B , therefore H = T. 

An automorphism <^ fc with k G IN is called a classical Frobenius automorphism. We shall 
call an automorphism a by a Frobenius automorphism, if cr is conjugate under G with 7^', e G 
{0,1}, A; G IN. By Lang-Steinberg theorem (Lemma 11.5.31) it follows that for every g G G 
elements a and ag are conjugate under G. Thus by [42, 11.6], we have that a Frobenius map, 
defined in subsection 1.4, coinsides with a Frobenius automorphism, defined here. 

Now fix G, <p, 7, and a = ^ e p k ; and assume that |7| ^ 2, i. e., we do not consider a 
triality automorphism of a group G with root system $(G) = -D4. Set B = B a , H = H a , and 
[/ = U a . Since 5, if, and U are and 7- invariant, they give us respectively a Borel subgroup, 
a Cartan subgroup, and a maximal unipotent subgroup (a Sylow p-subgroup) of G a (for more 
details see [19, 1.7-1.9] or [31, Chapter 2]). 

Assume that e = 0, i. e., O p (G a ) is not twisted (is split). Then U = (X r \ r G $ + ), where 
X r is isomorphic to the additive group of f p k = f q , and each element of X r can be written 

as x T {t),t G f q . Set also U~ = U a . As for U, we may write U~ = (X r | r G $~) and each 
element of X r can be written as x r (t),t G F g . Now we can define an automorphism (p as a 
restriction of (p on G CT and an automorphism 7 as a restriction of 7 on G ff . By definition the 
equalities x r (t) v = x r (t p ) and av(t) 7 = x f (t Ar ) hold for all r G $ (see the definition of 7 above). 
Define an automorphism ( of G a by ( = 7 e y^? <p* 7^ e, £ G {0, 1}, and an automorphism ( of 
G by C — 7 £ " ^ ■ Choose a C-invariant subgroup G with O p (G^) < G < G a . Note that if the 
root system $ of G is not equal to D 2n , then G a /{O p {G a )) is cyclic. Thus ro most groups and 
automorphisms, except groups of type D 2n over a field of odd characteristic, every subgroup 
G of G a , with O p (G a ) < G < G a , is 7- and </p- invariant. Define TG as a set of subgroups of 
type (G, (g) < G a X (C), where g G G^, (Cs 1 ) H G a < G\ and TG as a set of subgroups of type 
G X (C). Following [31, Definition 2.5.13], an automorphism ( is called a field automorphism, 
if e = 0, i. e., ( = ip e and is called a graph-field automorphism in the remaining cases (recall 
that we are assuming <p 7^ e). 

Now assume that e = 1, i. e., O p '(G a ) is twisted. Then U = U a n U~ = U a . Define (p on 
U ± as a restriction of <p on U ± . Since O p (G CT ) = (U + , U~), we obtain an automorphism tp of 
(^^(Gcr). Consider ( = (p e 7^ e, and let G be a C-invariant group with O p (G a ) <G< G a . Then 
C = (p l is an automorphism of G. Define TG as a set of subgroups of type (G, (g) < G a X (£), 
where (7 G G CT , ((g) (7 G CT < G; and TG as a set of subgroups of type G X ((). Following [31, 
Definition 2.5.13], we say that ( is a field automorphism, if \(\ is not divisible by (7! (this 
definition is used also in the case, when I7I = 3 and G a ~ z D<±(q)), and that ( is a graph 
automorphism in the remaining cases. 

Groups from above defined set TG are called semilinear finite groups of Lie type (they are 
also called semilinear canonical finite groups of Lie type, if G = O p (G a )), while groups from 
the set TG are called semilinear algebraic groups. Note that TG cannot be defined without 
TG, since we need to know that (p* 7^ e. If G is written in the notations from [15], i. e., 
O p {G) = G = A n {q) or O p '{G) = G = 2 A n {q) etc., then we shall write TG as TA n {q), T 2 A n (q) 
etc. 

Consider A G TG and x G A \ G. Then x = ( k y for some k G M and y G G CT . Define x to 
be equal to ( k y. Conversely, if x = ( k y for some y G G a , C k 7^ e, and (( k y) PI G^ < G, define 
a; to be equal to ( k y. Note that we need not to assume that x ^ G, since |C| = 00. If 2 G G, 
set x = x. 

Lemma 4.1.1. In above notations consider a subgroup X of G. An element x normalizes X 
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if and only if x normalizes X as a subgroup of G. 

Proof. Since ( is a restriction of £ on G, our statement is evident. □ 

Let Xi be a subgroup of A G TG. Then X± is generated by a normal subgroup X = X\ n G 
and an element x = C fc y. By Lemma [4.1.11 we may consider the subgroup X\ = (x,X) of 
G X ((). Now we find in reasonable to explain, why we use so complicated notations and 
definitions. We have that order of ( is always finite, but order of ( is always infinite. Thus, 
even if Z(G) is trivial, we cannot consider G \ (Q as a subgroup of Aut(G). Therefore we need 
to define in a some way (one possible way is just given) the connection between elements from 
Aut(Cr) and elements from Aut(G), in order to use the machinery of linear algebraic groups. 

Let R be a a-stable maximal torus (respectively a reductive subgroup of maximal rank, 
a parabolic subgroup) of G, and an element y G Nq X ^(R), is chosen so that there exists 
x G (G, (g) with y = x. Then Ri = (x,Rf) G) is called a maximal torus (respectively a 
reductive subgroup of maximal rank, a parabolic subgroup) of (G,(g). 

4.2 Translation of basic results 

Lemma 4.2.1. Let M = (x, X), where X = M(~)G<Misa subgroup of (G,(g) such that 
O p (X) is nontrivial. Then there exists a proper a- and x- invariant parabolic subgroup P of G 
such that X <P and O p (X) < R U (P). 

Proof Define U = O p {X), N = Nq(U ) and by induction U { = UqR u (N^ 1 ) and JV< = NrfJJA. 
Clearly Ui, iVj are x- and a- invariant for all i. By [12, Proposition 30.3], the chain of subgroups 
No < Ni < . . . < N k < . . . is finite and P = UjAj is a proper parabolic subgroup of G. Clearly 
P is a- and x- invariant, X < P and O p (X) < R U (P). □ 

LEMMA 4.2.2. Let O p '(G a ) < G < G a be a finite adjoint group of Lie type with a base field 
of characteristic p and order q. Assume also that O p (G) is not isomorphic to 2 D 2n (q), ^D^q), 
2 B 2 {2 2n+1 ), 2 G 2 (3 2n+1 ), 2 F 4 (2 2n+1 ). Then there exists a maximal a-stable torus TofG such 
that 

(a) (Nc(T)/T) a ~ (A^(T)) CT /(T CT ) = N{G a ,T a )/T a ~ W, where W is the Weyl group ofG; 

(b) if r is an odd prime divisor of q — (si), where e = +, if G is split and e = — , if G is 
twisted, then N(G cr ,T cr ) contains a Sylow r -subgroup G a ; 

(c) if r is a prime divisor of q — (si), and s is an element of order r of G such that Cq(s) 
is connected, then, up to conjugation by an element of G , an element s is contained 
mT = T a n G; 

A torus T is unique, up to conjugation, in O p> (G a ) and \T a \ = (q — el) n , where n is a rank 
ofG. 

Proof. Since for every maximal torus T of G a the equality G a = TO p ' (G a ) holds, without lost 
of generality we may assume that G = G a . If G is split, then the lemma can be easily proven. 
In this case T is a maximal torus such that T a is a Cartan subgroup of G a (i. e. T is a maximal 
split torus) and (a) is evident. Point (b) follows from [32, (10.1)]. More over, from [32, (10.2)] 
it follows that order of T a is uniquely defined and is equal to (q — l) n , where n is a rank of 
G. By [1, F, §6] we have that each element of order r of T is contained in G a . Now there 
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exists g G G such that s 9 G T, hence s 9 G G. In view of connectedness of the centralizer of 
s, elements s and s 9 are conjugate in G if and only if they are conjugate in G, so s and s 9 
are conjugate in G, whence (c). The information about classes of maximal tori, given in [1, G] 
and [16], implies that, up to conjugation by an element from G, there exists a unique torus T 
such that \T a \ = (q- l) n . _ 

Assume that O p (G) ~ 2 A n (q). Then T is a maximal torus such that \T a \ — (q+ l) n . Note 
that T & can be obtained from a maximal split torus by twisting by the element wqo. Direct 
calculations by using [19, Proposition 3.3.6] show that N(G (T ,T tT ) jT a is isomorphic to W(G), 
which in turn is isomorphic to Sym n+1 . The uniqueness follows from [18, Proposition 8]. Point 
(b) follows from [32, (10.1)]. As to point (c) we show first that each element of order r from T 
is in G. Assume that t is an element of order r in T (recall that in this case r divides q + 1). 
Let if be a cx-stable maximal split torus of G. The torus T a is obtained from H by twisting 
by Wocr, where Wo G W(G) is a unique element mapping all positive roots into negatives and 
T a ~ H aWQ . Let 7*1, . . . , r n be a set of fundamental roots of A n . Then t as an element of H, can 
be written as ft, ri (Ai) ■ . . . • h rn (X n ). Now for each i we have aw : h r .(X) \— > h_ n (\ q ) = h n (\~ q ), 
i. e ., t aw °_= t~ q . Since r divides q + 1, we obtain that t^ 1 = e, i. e., t =_t~ q - Hence t aWo = t 
and t G T a . Now as in nontwisted case, there exists g G G such that s 9 G T, therefore s 9 G T a . 
In view of connectedness of Qy(s), elements s and s 9 are conjugate in G. 

For O p (G) = 2 D2n+i(q) we take T to be equal to a unique (up to conjugation in G) maximal 
torus, which has order \T a \ equals (q + l) 2n+1 (uniqueness follows from [18, Proposition 10]), 
and for O p (G) = 2 E Q (q) we take T to be equal to a unique (again up to conjugation in G) 
maximal torus, which has order \T a \ equals (q + l) 6 (uniqueness follows from [24, Table 1, 
p. 128]). As in the case of G = 2 A n (q) it is easy to show that T satisfies (a), (b), and (c) of the 
lemma. □ 

Lemma 4.2.3. Let G be a finite group of Lie type and G. a are chosen so that P '(G (7 ) < G < 
G a . Let s be a regular semisimple element of odd prime order r of G. 
ThenN G {Ca{s))^C G {s). 

Proof. In view of [34, Proposition 2.10] we have that Cq(s) j 'Cq(s) is isomorphic to a subgroup 
of A(G). Now, if the root system $ of G is not equal to either A n , or E 6 , then |A($)| is a power 
of 2. Since A(G) is a quotient of A($(G)), then Lemma EjTD implies that <%(s) = G^(s)° = T 
is a maximal torus and Ca(s) = Cq(s) OG = T. Since Nq(T) > N(G,T) / T we obtain the 
statement of the lemma in this case. Thus we may assume that either <3> = A n , or $ = E 6 . 

Assume first that $ = A m i. e., O p \G) = A e n (q), where e G {+, -}. Clearly T = C^sfnG 
is a normal subgroup of Cq(s), hence Ca(s) < N(G,T). Assume that Ng(Cq(s)) = Cg(s). 
Then Cc(s) = A^v(g,t)(Cg(s)) and Cq(s)/T is a self-normalizing subgroup of N(G,T)/T. 
As we noted above Cq{s)/T is isomorphic to a subgroup of A(A n ), i. e., it is cyclic. By 
Lemma T3.2.11 we also have that Cq{s)/T is an r-group, thus Cq{s)/T = (x) for some r- 
element x G N(G,T)/T. Thus (x) is a Carter subgroup of N(G,T)/T. Now, in view of [19, 
Proposition 3.3.6], we have that N(G, T)/T ~ C W /Q\(y) for some y G W(G) ~ Sym n+1 . Clearly 
Cc w(U) ( y ){x) contains y, thus y must be an r-element, otherwise iVc (^((a*)) would contain 
an element of order coprime to r, i. e., N Cyv j y )({x)) ^ (x). A contradiction with the fact that 
(x) is a Carter subgroup of C w ^{y). 

Now let y — n • . . . be the decomposition of y into the product of independent cycles and 
h, . . . be the lengths of n, . . . respectively. Assume first that mi cycles has the same length h, 
rri2 cycles has the length li etc. Let m = n + 1 — (Zimi + . . . + hrrik)- Then 

C Sj m n+1 (y) - (Z h I Sym mi ) x ... x {Z h I Sym m J x Sym mo , 
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where Z\ i is a cyclic group of order ij. If rrij > 1 for some j ' ^ 0, then there exists a normal 
subgroup N of C Symn+1 {y) such that C Symn+i (y)/N ~ Sym m . 7^ {e}. By Lemma Carter 
subgroup in a group S satisfying Alt^ < S < Sjm e are conjugate for all £ ^ 1. Thus G^/^d/) 
and N satisfy (C) and (x) is the unique, up to conjugation, Carter subgroup of C w ^(y). 
By Lemma [2.4.11 we obtain that (x) maps onto a Carter subgroup of C w ^(y)/N ~ Sym m ^.. 
By Lemma 13.3.21 only a Sylow 2-subgroup of Sym mj can be a Carter subgroup of Sym mj . A 
contradiction with the fact that x is an r-element and r is odd. 

Thus we may assume that C w ^(y) ~ (Z^ x . . . x Z ik ) and U 7^ if i 7^ j. From the 
known structure of maximal tori and their normalizers in A e n (q) (see [18, Propositions 7,8], for 
example) we obtain the structure of T and N(G, T), which we explain by using matrices. Below 
a group GL^(g) is isomorphic to GL n (g) if e = + and is isomorphic to GXJ n (q) if e = — . For 
the decomposition l\ + 1% + . . . + Ik — n + 1 in GL^ +1 (g) consider a subgroup L, consisting of 
block-diagonal matrices of view 

/ A x ... \ 
A-i ... 



V ... A k J 

where A { e GLf.(g). Then L ~ GLf^g) x ... x GLf fc (g). Denote, for brevity, GLf.(g) 
by Gj. In every group Gi consider a Singer cycle Tj. Na^T^/Ti is known to be a cyclic 
group of order k and N(Gi,Ti) = N G .{Ti). There exists a subgroup Z of Z(SL £ n+1 (q)) such 
that O p \G) ~ SL^ +1 (g)/Z. Then T ~ ((Ti x . . . x T k ) n SL^ +1 (g)) /Z and iV(G,T) ~ 

((^(Gi,^) x ... x A^(G fc ,T fc )) n $K+i(<l)) l z - Since for ever Y Sin S er c y cle T * the S rou P 
N(Gi,Ti) /Ti is cyclic, we may assume that N(G,T) = Cq{s) and T is a Singer cycle, i. e., 

is a cyclic group of order - — q _\ £ i) — an d n + 1 = r for some k ^ 1 (the last equality holds, 

since N(G,T)/T is an r-group). But = g (mod r), hence, r divides g — (el). By Lemma 
14.2.21 we obtain that s is in N(G,H), where if is a maximal torus such that the factor group 
N(G, H)/H is isomorphic to Sym n+1 and \H\ = (q — el) n . In particular, H is not a Singer cycle. 
If s G H, this immediately implies a contradiction with the choice of s. If s ^ if, then, since 
the order of s is prime, the intersection (s) D if is trivial. Hence, under the natural homomor- 
phism N(G, if) — ► N(G, if) /if — Sym n+1 the element s maps on an element of order r. But in 
Sym n+1 every element of odd order is conjugate to its inverse. Thus, there exists a 2-element z 
of G, which normalizes, but not centralizes (s). Therefore, z < Nq(Cq(s)) < Nq(Cq(s)°) and 
\N(G,T)/T\ is divisible by 2, that contradicts the above proven statement that N(G,T)/T is 
an r-group. This final contradiction finish the case 3>(G) = A n . 

In the remaining case $ = E 6 it is easy to see, that for every y G W(E 6 ) 7 the group 
Cw(E 6 )(y) does not contain Carter subgroup of order 3. Indeed, if Cw(E 6 )(y) has a Carter 
subgroup of order 3, then it is generated by y. But it is known (and can be easily checked by 
using [16, Table 9]), that in W(E e ) there is no elements of order 3, which centralizer has order 
3. Since \Cq(s)/T\ divides 3 and the group Cq(s)/T is a Carter subgroup of Cw(E 6 )(y) f° r 
some y, we get a contradiction. □ 

By using Lemma 14.2.31 we can obtain a similar result for semilinear groups. 

LEMMA 4.2.4. Let (G, (g) be a finite semilinear group of Lie type and G, a are chosen so 
that O p (G a ) < G < G a . Let s be a regular semisimple element of odd order of G. Then 

N(G,Cg)(C {G ,C 9 }(s)) ^ C {GXg) ( S ). 
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Proof. Since s is semisimple, there exists cx-stable maximal torus S of G containing s. Since 
G a = O p (G a )S a we may assume that g G S a , i. e. elements g and s commutes. If C(c,Cg)i s )G ^ 
(G, (g), then we can substitute (G, (g) by C{G,Cg)( s )G and prove the lemma for this group. More 
over, if C^G,(g)( s ) = Gg{s), then the lemma follows from Lemma [4.2.31 so we may assume that 
C centralizes s. If either G is not twisted, or \(\ is odd, then by [31, Proposition 2.5.17] it 
follows that we may assume a = ( k for some k > 0. By Lemma 14.2.31 there exists an element 
of A^G C9 (Cfj(s)), not contained in Cg (3 (s), and the lemma follows. 

Assume that G is twisted and \(\ is even. Then a = 7<^ fe , ( = where k divides £. 
Therefore s is in G^. Depending on the root system $(G), we obtain that G^ is isomorphic to a 
simple algebraic group with root system equal to B m (for some m > 1), C m (for some m > 2), 
or F 4 . By Lemma 13.2.31 the element s is conjugate with its inverse under O p ({G^) a ^ g ) < G^ g , 
so N {G>Cg) (C {GtCg} (s)) ^ C {GXg ){s). □ 

LEMMA 4.2.5. Let G be a finite group of Lie type over a field of odd characteristic p. Assume 
that G and a are chosen so that O p (G a ) < G < G a . Let ip be a field automorphism of odd 
order ofO p '(G a ). 

Then ip centralizes a Sylow 2- subgroup of G , and there exists a if) -stable Cartan subgroup 
H such that if) centralizes a Sylow 2-subgroup of H. Moreover, if G ^ 2 G 2 (3 2n+1 ), 3 D 4 (q 3 ), 
2 D2n{(f), then there exists a ip-stable torus T of G such that if) centralizes a Sylow 2-subgroup 
ofT and the factor group N(G,T)/T is isomorphic to Nq(T)/T. 

Proof. Clearly we need to prove the lemma only for the case G = G a . Assume that \ip\ = k. 
Let F q be the base field of G. Then q = p a and a — k ■ m. Now \G\ can be written as 
\G\ = q N (q mi + eil) ■ . . . ■ (q mn + e n l) for some N, where n is the rank of G, e t — ± (see [15, 
Theorems 9.4.10 and 14.3.1]). Similarly we have that |G^| = (p m ) N \(p m ) mi +£il)- . . .-((p m ) m " + 
£ n l), i. e., \G\2 = \G1p\2 and a Sylow 2-subgroup of G^ is a Sylow 2-subgroup of G. By [31, 
Proposition 2.5.17] there exists an automorphism ipi of G such that a = if)* and if) coincides 
with the restriction of if>\ on G a . Note that if)i, in general, is not equal to if) defined above. 
Consider a maximal split torus of G^. Then H = H a is a ^-stable Cartan subgroup of G. 
Since \H\ = (q hl + el) ■ . . . ■ (q kl + ejl), where = ±, the equality \H\ 2 = \H1p\2 can be proven 
in the same way. 

Now assume that G ^ 2 G 2 (3 2n+1 ), 3 £> 4 (g 3 ), 2 D 2 r L (q 2 }. By Lemma 3221 there exists a 
maximal torus T of G^ such that N(G^, T)/T ~ A^_(T)/T and \T^\ = {p m - el) n . Since |^^s 
odd and is obtained from a maximal splittorus H by twisting by an element Wq, then T a 
is also obtained from a maximal split torus H by twisting by element w (see proof of Lemma 
ELD). Therefore \T a \ = (q - el) n , \T^ \ = (p m - el) n , hence |T CT | 2 = |T| 2 = |T^| 2 . □ 

LEMMA 4.2.6. [32, (7-2)] Let G be a connected simple linear algebraic group over a field of 
characteristic p, a be a Frobenius map of G and G = G a be a finite group of Lie type. Let 
ip be a field or a graph-field automorphism of G (if ip is graph-field, then corresponding graph 
automorphism has order 2) and let ip' be an element of (G X (ip)) \ G such that \<p'\ = \ip\ and 
G \ (if) = G \ (if') . 

Then there exists g G G such that (ip) 9 = (ip') . In particular, if G/O p (G) is a 2-group and ip 
is of odd order, then g can be chosen in O p (G) . 

A particular case of the following lemma is proven in [30, Theorem A]). 

LEMMA 4.2.7. Let G be a finite adjoint split group of Lie type, G, a are chosen so that 
O p (Go) < G < G a . Assume that t is a graph automorphism of order 2 of O p (G) . 
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Then every semisimple element s G G is conjugate to its inverse under (O p> (G a ), ra) , where a 
is an element ofG a . 

Proof. If $(G) is not of type A n , D 2n +i, E 6 , then the lemma follows from Lemma 13.2.31 thus we 
need to consider groups of type A n , D 2n +i, Eq. Denote by f the graph automorphism of G such 
that f \g = t. Let T be a maximal a-stable torus of G such that T a R G is a Cartan subgroup 
of G. Let ri, . . . ,r n be fundamental roots of <&(G) and p be the symmetry corresponding to 
f. Denote rf by fj. Then T = (h n (ti) | 1 ^ i ^ n, U ^ 0) and h ri {ti) T = h fi {ti). Denote 
by W the Weyl group of G. Let wo be the unique element of W mapping all positive roots 
onto negative roots and let n be its preimage in Nq(T) under the natural homomorphism 
i%(T) -> i%(T)/T ~ H/. Since a acts trivially on W = N(G,T)/T (see Lemma 3221), we 
can take n G G, i. e., ng = no. Then for all rj and t we have that 

h n (t) nof = h r7 op(t) = h- rt (t) = KXr 1 ). 

Thus x n ° f = x~ l for all x G T. 

Now let s be a semisimple element of G. Then there exists a maximal cr-stable torus S of 
G containing s. Since all maximal tori of G are conjugate, we have that there exists g G G 
such that S 9 = T. Since G a = O p ' (G a )T a , then we may assume that a G T a . Therefore 
s gn Tag _ g -i gj nce n ^ _ Uq an( j ^o- _ ^ we (griofag^ 1 ) = g a n fa(g~ 1 ) u . 

Moreover, since S is cr-stable, then for every x G S we have that x gn ° Ta9 = x g " noTa<yg ' = a; -1 , 
i. e., griQfag~ l S = g r7 n fa(g~ 1 ) cr S. In particular, there exists i 6 5 such that gn fag~H = 
g a n fa(g~~ 1 ) eT . In view of Lang-Steinberg Theorem (Lemma 11.5.31) there exists y G S such 
that t = y ■ (y^Y . Therefore, gn fag~ 1 y = (gnofag^yY , i. e., gn^rag^y e G a \ (r), and 
^noras-ij, = g -i s ^ ce o p '{G (J )S a = G a , and S a is Abelian, we may find z eS a such that 
gnorag^yz E {O p \G a ),ra). □ 

4.3 Carter subgroups of special type 

In this subsection we consider problems of structure and existence of Carter subgroups in 
semilinear groups, containing a Sylow 2-subgroup or is contained in the normalizer of a Borel 
subgroup. 

LEMMA 4.3.1. Let G be a finite group of Lie type over a field of odd characteristic and G, 
a are chosen so that O p (G a ) < G < G a . If G satisfies (ESyl2), then every subgroup L with 
G<L< O p '(G CT ) satisfies (ESyl2). 

Proof. Let Q be a Sylow 2-subgroup of G a and Q° = O p ' (G a ) n Q be a Sylow 2-subgroup of 
O p (Go-). If Nq^^Q ) = QCq^^Q), then the statement of the lemma is clearly true. In view 
of [9, Theorem 1], for a classical group G a the equality Nq^^Q ) = QC-q (Q) can fail to be true 
only if the root system of G has type A 1 or C n . If the root system of G has type A\ or C n , 
then \G a : O p (G a )\ = 2 and the statement of the lemma follows from Lemma 12.4.61 

Assume now that G is a group of exceptional type. If G a = O p (G ff ), then the statement of 
the lemma is clearly true. The equality Nq^^Q ) = QCq^(Q) might fail to be true only if the 
root system of G has type E 6 or E 7 . If the root system of G has type E 7 , then \G a : O p '(G a )\ = 2 
and the statement of the lemma follows from Lemma 12.4.61 

Assume that the root system of G has type E 6 . Then either G a = O p (G a ) or \G a : 
O p {G a )\ = 3. In the first case we have nothing to prove, so assume that \G a : O p (G a )\ = 3. 
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Since the group G coincides either with G a , or with O p (G a ), and since in case G = G a there 
is nothing to prove, we may assume that G = O p (Go-). By [31, Theorem 4.10.2] there exists 
a maximal torus T of G a such that Q is contained in N(G (T ,T). Since \G a : G\ — 3, then 
Q = Q° < N(G,T n G). By [10, Theorem 6] the equality N G (Q) = Q x R° holds, where 
i?° < T is a cyclic group of odd order. Now since G a = TG, then N^(Q) = (N T (Q), N G (Q)}. 
Indeed, N(G, T n G)/(T nG)~ iV(G, T)/T. Hence, _a Sylow 2-subgroup QT/T of JV(G, T)/T 
coincides with its normalizer. Since the factor group G a /G is cyclic of order 3, then (Q) = 
(tg,Nc(Q)), where t G T and g G G. Moreover, since \G a : G\ — 3, we may assume that is 
an element of order 3 k for some k > 0. Since t eT < N(G a , T), then Q* < JV(G,T n G). So 
there exists an element #i G N(G, Tf\G) such that Q* = Q 91 . Therefore we may assume that 
tg = tgi G N(G a ,T). Under the natural epimorphism 7r : N(G a ,T) — > N(G a ,T)/T the image 
°f ^N(Ga,T)(Q) coincides with Q. Hence, (tg) n = e, so tg G T. Thus each element of odd order 
of G a normalizing Q lies in T. Since T is a torus, then T is Abelian, hence the set of elements 
of odd order of Nq^(Q) forms a normal subgroup R<T. Therefore N-q-^Q) = Q x R, i. e., G„ 
satisfies (ESyl2). ' □ 

The following lemma is immediate from [9, TeopeMa 1]. 

LEMMA 4.3.2. Let O p '(G a ) = G be a canonical finite group of Lie type and G is either of type 
A\ or of type C n , p is odd, q = p a is the order of the base field of G. Then G satisfies (ESyl2) 
if and only if q = ±1 (mod 8). 

Note that Lemma [4.3. II together with [9, Theorem 1] and [10, Theorem 6] implies that every 
group of Lie type over a field of odd characteristic, distinct from a Ree group and groups from 
Lemma [L321 satisfies (ESyl2). 

Lemma 4.3.3. Let G be a finite adjoint group of Lie type over a field of odd characteristic, 
G 9^ 3 -Dzt(g 3 ), and G, a are chosen so that O p (G a ) < G < G a . Let A be a subgroup of 
Aut(O p (G CT )) such that AnG a = G. IfO p (G) ~ D^q), assume also that A is contained in the 
group generated by inner-diagonal, field automorphisms and a graph automorphism of order 2. 
Then A satisfies (ESyl2) if and only if G satisfies (ESyl2). 

Proof. Assume that G satisfies (ESyl2). In the conditions of the lemma we have that the 
factor group A/G is Abelian, so A/G = A x x A 2 , where Ai is a Hall 2'-subgroup of A/G and 
A 2 is a Sylow 2-subgroup of A/G. Denote by A\ the complete preimage of A\ in A. If A\ 
satisfies (ESyl2), then by Lemma 12.4.61 A satisfies (ESyl2) as well. Thus we may assume that 
the order |A/G| is odd. Since we are assuming that a graph automorphism of order 3 is not 
contained in A, then A/G is cyclic, hence A = (G, i/ig), where if) is a field automorphism of odd 
order and g G G a . Since \A : G| = is odd, we may assume that \if>g\ is also odd. By Lemma 
14.2.51 if) centralizes a Sylow 2-subgroup of G a , therefore g is of odd order. Now the quotient 
G a /G is Abelian and can be written as L x Q, where L is a Hall 2'-subgroup of G CT /G and Q 
is a Sylow 2-subgroup of G a /G. Let L be the complete preimage of L in G a under the natural 
homomorphism. Then g G L. Consider L\(if>) > A. By construction, \L\(if>) : A\ — \L : G| is 
odd. By Lemma [4.3. II the group L satisfies (ESyl2). By Lemma I4.2.5I the field automorphism 
if) centralizes a Sylow 2-subgroup Q of L, Thus 

N LHi)) (Q) = N L (Q) x (if;) = QC L (Q) x (if,) = QC LX{il) (Q), 

i. e., the group L \ (if>) satisfies (ESyl2). Since |LX (-0) : A\ is odd, then A satisfies (ESyl2). 
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Now assume that A satisfies (ESyl2). If G does not satisfies (ESyl2), then [9, Theorem 1] 
and [10, Theorem 6] imply that the root system of G either has type A 1 , or has type C n . In 
both cases the factor group Aut(O p (G a )/G a ) is cyclic and is generated by a field automorphism 
ip. Further, from [9, Theorem 1] it follows that the order of the base field (that is equal to 
the field of definition in this case, since G is not twisted) is equal to q = p l and q = ±3 
(mod 8). Therefore t is odd and, so |Aut(O p {G a ))/G a \ is odd. Thus \A : G\ is odd, hence G 
satisfies (ESyl2). □ 

LEMMA 4.3.4. Let (G,(g) be a finite semilinear group of Lie type over afield of characteristic 
p (we do not exclude the case (G,(g) = G) and G is of adjoint type (recall that g G G a , but 
not necessary g G G). Assume that B — U X H , where H is a Cartan subgroup of G, is a 
(g-invariant Borel subgroup ofG and {B, (g) contains a Carter subgroup K of (G, (g) . Assume 
that K H U 7^ {e}. Then one of the following statements holds: 

(a) either {G,(g} = ( 2 A 2 (2 2t ), (g), or (G,(g) = 2 A 2 ~(2 2t ) X (C); the order |C| = t is odd and 
is not divisible by 3, Cg(() — 2 A 2 {2 2 ), K fl G is Abelian and has order 2 • 3; 

(b) (G,(g) = ( 2 A 2 (2 2t )(g}, the order |C| = t is odd, C G (C) - 2 A 2 (2 2 ), the subgroup K n G is 
a Sylow 2-subgroup of G^; 

(c) either (G, (g) = (A 2 (2 2t ), (g), or (G, (g) = A 2 {2 2t ) \((), ( is a graph-field automorphism 

of order 2t, t is not divisible by 3, and Cg(() — 2 A 2 (2 2 ), the subgroup K fl G is Abelian 
and has order 2' < ' 2 '' • 3; 

(d) (G,(g) — (^2(2 2< ), (g), ( is a graph-field automorphism and Cg(() — 2 A 2 (2 2 ), the sub- 
group K fl G is a Sylow 2-subgroup of Gq 2 ,; 

(e) G is defined over ¥ 2 t, (G, (g) = G X ((g), C is either a field automorphism of order t of 
O 2 (G), if O 2 (G) is split, or a graph automorphism of order t, if O 2 (G) is twisted, and, 
up to conjugation in G, K = Q \ ((g), where Q is a Sylow 2-subgroup of G^ g ) 2 ,; 

(f) G is split and defined over f 2 t, (G, (g) = G \ ((g), C is a product of a field automorphism 
of odd order t of O 2 (G) and a graph automorphism of order 2, ( and (g are conjugate 
under G a , and, up to a conjugation in G, K = Q \ ((g) , where Q is a Sylow 2-subgroup 

(g) G/Z(G) ~ PSX 2 (3*), the order |£| = t is odd (hence ( G (G,(g)), an d K contains a 
Sylow 3- sub group ofG^,; 

(h) (G, Cg) = 2 G 2 (3 2n+1 ) X (C), |C| = 2n + l, Kf] 2 G 2 (3 2n+1 ) = QxP, where Q is of order 2 
and \P\ = 3 IC|; \ 

Note that in all points (a)-(h) of the lemma Carter subgroups, having given structure, do 
exist. The existence of Carter subgroups in points (a) and (c) follows from the existence of a 
Carter subgroup of order 6 in PGU3(2) (see [27]). The existence of Carter subgroups in points 
(b), (d)-(f) follows from the fact that a Sylow 2-subgroup in a group of Lie type defined over a 
field of order 2, coincides with its normalizer. The existence of Carter subgroups in point (g) 
follows from the fact that a Sylow 3-subgroup of PSL 2 (3) coincides with its normalizer. The 
existence of a Carter subgroup, satisfying point (h) of the lemma, follows from the existence 
of a Carter subgroup K of order 6 in a (non simple) group 2 G 2 (3). The existence of a Carter 
subgroup K of order 6 in 2 G 2 (3) follows from the results given in [11] and [45]. 



4 SEMILINEAR GROUPS OF LIE TYPE 



37 



Proof. If G is one of the groups A x {q), G 2 (q), F 4 (q), 2 B 2 (2 2n+1 ), or 2 F 4 (2 2 ™ +1 ), then the lemma 
follows from Table [3l If (G, (g) = G, then the lemma follows from the results of section 3 
and Theorem II . 5 .61 So we may assume that (G,(g) i. e., that ( is a nontrivial field, 

graph-field, or graph automorphism. If = C n , the lemma follows from Theorem 15.2.31 

below, that does not use Lemma l4.3.4l so we assume that ^ C n . If = _D 4 and either 
a graph-field automorphism ( is a product of a field automorphism and a graph automorphism 
of order 3, or G ~ 3 .D 4 (g 3 ), then the lemma follows from Theorem 15.3.11 below, that does not 
use Lemma 14.3.41 so we assume that {G, (g) is contained in the group Ai defined in Theorem 
15.3.11 and G ^ 3 D 4 (g 3 ). Since we shall use Lemma 14.3.41 in the proof of Theorem 15.4.11 after 
Theorems 15.2.31 and 15.3.11 it is possible to make such additional assumptions. 

Assume that q is odd and &{G) is one of the following types: A n (n ^ 2), D n (n ^ 4), 
B n {n ^ 3), Eq, E 7 or E$. By Lemma 12.4.11 we have that KU/U is a Carter subgroup of 
(B, (g) /U ~ (H, (g). Since G a = GH a , where if is a maximal split torus of G and H a nG = H, 
then we may assume that g G H a , in particular g centralizes H. So Hq < Z((H,(g)), and we 
obtain, up to conjugation in B, that < K. By Lemma f4.2.5l the automorphism £2' centralizes 
a Sylow 2-subgroup Q of H. Thus, each element of odd order of {H, (g) centralizes Q and 
Lemma [2.4.31 implies, that, up to conjugation in B, the inclusion Q < K holds. By Lemma 
13.2.91 it follows that Cjj(Q) = {e}, a contradiction with the fact that K n U is nontrivial. 

Assume that G ~ 2 G 2 (3 2n+1 ) and (G, (g) = G X (() (in this case O p '(G a ) = G a ). Again 
by Lemma [2.4.11 we have that KU/U is a Carter subgroup of (B X (Q)/U ~ H X ((). By 
Lemma 13.2.31 every semisimple element of G is conjugate to its inverse. Since non-Abelian 
composition factors of every semisimple element of G can be isomorphic only to groups Ai(q), 
by Table [3] it follows that the centralizer of every semisimple element of G satisfies condition 
(C). So Lemma [2A2] implies that KU/U n B/U is a 2-group. On the other hand, |if| 2 = 2 
and KU/U > Z{B/U) > H ( , hence \H ( \ = 2 and |(| = 2n + 1. Thus K n G = (K n U) x (t), 
where t is an involution. It follows that K n U — Ca{t) H G^ 3 , . Now the structure results 
from [11, Theorem 1] and [45] imply point (h) of the lemma. 

Assume now that q = 2*. Assume first that has one of the types A n (n ^ 2), D n 

(n ^ 4), 5 n (n ^ 3), Sg, or Eg, G is split, and ( is a field automorphism. Like above we 
obtain that < K, and O 2 (G^) is a split group of Lie type with definition field of order 
q = 2*/KI. By Hartley-Shute Lemma [TX5l for every r G and for every s G GF(2' /ICI )* 

there exists G i?£ fl O 2 (G^) such that x( r ) = s - The same arguments as in Lemma 13.2.91 
imply that if & 7^ 1, inequality K C\U < Cu(H^) = {e} holds, a contradiction. So |C| = t 

and = {e}. Since g can be chosen in H a and ((g) fl G a < ((g) fl H a < — {e}, then 
((g) nG ff = {e}. By Lemma [4.2.61 elements C5 1 and ( are conjugate under GV, and point (e) of 
the lemma follows. 

Now assume that <&(G) is of type A n (n ^ 3), D n (n ^ 4), or i? 6 ; and either ( is a graph- 
field automorphism and G is split, or G is twisted. Let p be the symmetry of the Dynkin 
diagram of $(G) corresponding to 7 (recall that ( = 7 £ <// by definition), and f denotes r p for 
r G $(G). Like above it is possible to prove that, up to conjugation, < K. If \(\ = 2t, then 
H< 7^ { e }? then by Hartley-Shute Lemma fl .5.51 we obtain that Cu(H^) = {e} that contradicts 
the condition K C\U ^ {e}. If = {e}, then either G is twisted and |C| = t, that implies 
statement (e) of the lemma; or G is twisted, \(\ = 2t, in particular, t is odd, that implies point 
(f) of the lemma. 

Assume that O 2 ' (G) ~ A 2 (2*), C 

is a graph-field automorphism and t is odd. If \(\ ^ 2t, 
then arguments, using Hartley-Shute Lemma fl .5.51 similar to the proof of Lemma 12.4.21 show 
that Cu(H^) = {e}, that contradicts to the condition K fl U 7^ {e}. If |£| = 2t, then we obtain 
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point (f) of the lemma. 

Assume now that O 2 (G) ~ A 2 (2 2t ) and ( is a graph-field automorphism. Again for |C| 7^ 2t 
from Hartley-Shute Lemma fl.5.5l it follows that Cu(H^) = {e}, that contradicts to the condition 

K n U ^ {e}. If (CI = 2t, then either G c ~ 2 A 2 (2 2 ), or G c ~ 2 A 2 ~{2 2 ). If G c ~ 2 A 2 (2 2 ), then 

= {e} and we obtain the statement (d) of the lemma. If G^ ~ 2 A 2 (2 2 ), then \H$\ = 3, and 
so KU/UHHU/U is a cyclic group (y) of order (2* 3 + 1) 3 = 3 fc , where 3 fc_1 = i 3 . If k > 1, then 
Hartley-Shute Lemma fl.5.51 implies that Cjj(y) = {e}, that is impossible. Thus i is nor divisible 
by 3 and K H U is contained in the centralizer of an element x, generating if^. Consider the 
homomorphism GL 3 (2 2 ') —>■ PGL 3 (2 2 '). Then some preimage of x is similar to the matrix 



where A is the generating element of the multiplicative group of GF(2 2 ). The preimage of U is 
similar with the set of upper triangular matrices with the same elements on the diagonal. Direct 
calculations show that Cjj(x) is isomorphic to the additive group of GF{2 2t ). The nilpotency 
of K implies that K R U = (Cu(x))^ 2 ,, and point (c) of the lemma follows. 

Assume now that 2 '{G) ~ 2 A 2 (2 2t ). By Lemma EO KU/U is a Carter subgroup of 
(B, (g)/U ~ (H, (g) and, as above, we may assume that < K. If \(\ = 2t, then G^ ~ 5^2(2) 
and H£ = {e}, and point (e) of the lemma follows. Assume that t is even and \(\ ^ t. Then 
either O 2 ' {GA ~ 5L 2 (2 2 */^I) (if the order |C| is even), or 2 '(G ( ) ~ 2 A 2 (2 2 */^I) (if the order |C| 
is odd, hence |C| < £). Clearly if^ contains an element x such that K HU < Cu(H^) = {e}, 
and this gives a contradiction with the condition KflU ^ {e}. If t is odd and i 7^ then 
2 '(G^) ~ 2 A 2 (2 2t /^), and it follows that Hq contains an element x such that Cu(x) = {e}. 
If |C| = t and t is odd, then the order \KU/U fl B/Z7| can be divisible only by 3 (otherwise 
by Hartley-Shute LemmadXEit again follows that Cu(H ( ) = {e}). If G ( ~ 2 A 2 (2 2t /^), then 

H c = {e} and we obtain point (b) of the lemma. If G c ~ mJ^VKI), then KU/U n W/C/ 
is a cyclic group (y) of order (2* 3 + 1) 3 = 3 fc , where 3 fc_1 = t 3 . If k > 1, then Hartley-Shute 
Lemma fl .5.51 implies, that Cu(y) = {e}, that is impossible. Thus t is not divisible by 3 and 
KDU is contained in the centralizer of an element x, generating H^. As in the non-twisted case 
above, we obtain that Cu(x) is isomorphic to the additive group of GF(2 t ). The nilpotency of 
K implies that KdU = (C[/(x)V, , and point (a) of the lemma follows. □ 

5 Carter subgroups of semilinear groups 
5.1 Brief review of results of this section 

In this section, by using notations and results obtained in section 4, we classify Carter subgroups 
in groups of automorphisms of finite groups of Lie type. First we give such a classification in 
the case, when a group of Lie type has type C n or when a group of its automorphisms contains 
a triality automorphism, since the arguments in these two cases differ from the remainings. 
The we formulate the final theorem and we prove this theorem in two subsections. In the last 
subsection we prove that in every finite group with known composition factors Carter subgroups 
are conjugate. 
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5.2 Carter subgroups of symplectic groups 

Consider a set A of almost simple groups A such that a unique non-Abelian composition 
factor S = F*(A) is a canonical simple group of Lie type and A contains nonconjugate Carter 
subgroups. If the set A is not empty, denote by Cmin the minimal possible order of F*(A), 
with A G A. If the set A is empty, then let Cmin = oo. We shall prove that Cmin = oo, i. e. 
that A = 0. Note that if A G A and G = F*(A), then there exists a subgroup A\ of A such that 
A\ G A and A\ = KG for a Carter subgroup K of A. Indeed, if for every nilpotent subgroup 
N of A Carter subgroups of NG are conjugate, then A satisfies (C), hence Carter subgroups of 
A are conjugate, that contradicts to the choice of A. So there exists a nilpotent subgroup N of 
A such that Carter subgroups of NG are not conjugate. Let if be a Carter subgroup of NG. 
Then clearly KG/G is a Carter subgroup of NG/G, i. e., coincides with NG/G. Therefore 
Carter subgroups of KG are not conjugate and KG = A\ G A. So the condition A = KG in 
Theorems 15.2.31 15.3.11 and 15.4.11 is not a restriction and is used only to simplify arguments. 

In this section we consider Carter subgroups in an almost simple group A with simple socle 
G = F*(A) ~ PSp 2n (g). We consider such groups in the separate section, since for groups of 
type PSp 2n (g) Lemma 13.2.91 is not true and we use arguments slightly different from those that 
we use in the proof of Theorem 15.4.11 

We shall prove first two technical lemmas. 

Lemma 5.2.1. Let O p '(G a ) = G be a canonical adjoint finite group of Lie type over a field of 
odd characteristic p and —1 is not a square in the base field of G . Assume that the root system 
$ of G equals C n . Let U be a maximal unipotent subgroup of G, H be a Cartan subgroup of G, 
normalizing U, and Q is a Sylow 2-subgroup of H . 
Then Cu(Q) = (X r \r is a long root). 

Proof. If r is a short root, then there exists a root s with < s,r >= 1. Thus 

Xr (t)M-i) = Xr ((_l)<^>t) = Xr (- t ) 

(see [15, Proposition 6.4.1]). Therefore, if x G Cu(Q) and x r (t) is a nontrivial multiplier in 
decomposition (DQ) of x, then r is a long root. Now if r is a long root, then for every root s 
either | < s, r > \ = 2, or < s, r >= 0, i. e., x r (t) hs( -~^ = x r (t). Under the condition that —1 
is not a square in the base field of G (i. e., in the field f q ) we obtain that q = — 1 (mod 4), so 
(h s (— 1) | s G $) = Q, and the lemma follows. □ 

LEMMA 5.2.2. Let G = PSp 2n (g) be a simple canonical group of Lie type, J be a subset of the 
set of fundamental roots, containing the long fundamental root r n , Pj be a parabolic subgroup, 
generated by a Borel subgroup B and by groups X r with —reJ,Lbea Levi factor of Pj. 
Denote by S a quasisimple normal subgroup of L, isomorphic to Sp 2fe (g) (it always exists, since 
r n G J). 

Then Aut L {S/Z(S)) = S/Z(S). 

Proof. This statement is known, it is proven in an unpublished paper by N.A.Vavilov. We 
give a proof here for the completeness. As we noted above, L is a reductive subgroup of 
maximal rank of G, ans so the following inclusions hold S/Z(S) < Auti(S/Z(S)) < S/Z(S). 
Since \C n (q) : C n (q)\ = (2, q — 1), then for q even the statement is evident. If q is odd, 
then for Aut l(S/Z(S)) there can be only two possibilities: either Aut^(5'/Z(5')) = S/Z(S), or 

Aut l{S/Z(S)) = S/Z(S). We shall show that the second equality is impossible. 
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In our notations fundamental roots of the root system of S are r n _ fc+1 , . . . , r n . If the equality 
Aut£,(SyZ(S)) = S/Z(S) holds, then there exist elements s±, . . . ,Sk of Z$ = 7LC n such that 

(Sj, Tn-k+j) f 1 if i = j, 
" ™- fc+J ( Si , Si ) 1 ifi^j. 

(They generate the lattice of fundamental weights, thus allow to obtain all diagonal automor- 
phisms of S). But for each root s of C n we have that either < s,r n >= 0, or < s,r n >= ±2, 
i. e., for each element s G Z<£> the number < s, r n > is even, in particular is distinct from 1. 
Therefore such a set of elements si, . . . , Sk does not exists. □ 

THEOREM 5.2.3. Let G be a finite adjoint group of Lie type (not necessary simple) over a 
field of characteristic p, and G, a are chosen so that PSp 2n (p') — O p (G a ) < G < G a . Choose 
a subgroup A of AnG a = G. Let K be a Carter subgroup of A. Assume also that |PSp 2n (jo*)| ^ 
Cmin and A = KG. 

Then exactly one of the following statements holds: 

(1) G is defined over GF(2 t ), a field automorphism ( is in A, \(\ = t, and, up to conjugation 
in G, the equality K = Q X (() holds, where Q is a Sylow 1-subgroup of Gs,. 

(2) G ~ PSL 2 (3*) ~ PSp 2 (3*) ; a field automorphism ( is in A, \(\ = t is odd, and, up to 
conjugation in G, the equality K = Q\(() holds, where Q is a Sylow 3-subgroup ofG^,. 

(3) p does not divide \K n G\ and K is contained in the normalizer of a Sylow 1-subgroup 
of A. 

Ln particular, Carter subgroups of A are conjugate, i. e., if A\ & A and F*(A\) = Cmin, then 
F*(A0^PSp 2n (^). 

Proof. Assume that the theorem is not true and A is a counter example such that is 
minimal. Note that no more than one statement of the theorem can be fulfill, since if statement 
(2) holds, then, by Lemmas 14.3.21 and 14.3.31 for a Sylow 2-subgroup Q of A the condition 
Nq(S) = SCg(S) is not true, i. e., statement (3) of the theorem does not hold. Thus if A\ is an 
almost simple group with F*(Ai) being a simple group of Lie type of order less, than |F*(A)|, 
then Carter subgroups of A\ are conjugate. In view of Theorem 11.5.61 we may assume that 
A 7^ G. Moreover, by Theorem 13.3.51 we may assume that q is odd, i. e., that Aut(PSp 2n (g)) 
does not contain a graph automorphism. Thus we may assume that A = (G,C,g). 

Assume that K is a Carter subgroup of (G, (g) and K does not satisfy to the statement 
of the theorem. Write K = ( x, K n G) . If either p ^ 3 or t is even, then the theorem follows 
from Theorem I3.3.5L Thus we may assume that q = 3* and t is odd. Since \G a : O p (G a )\ = 2 
and the order \(\ is odd, we may assume that the order \(g\ is also odd and so ( G (G,(g), 
i. e., A = G X ((). By Lemma 13.2.31 every semisimple element of odd order is conjugate to its 
inverse in G. Now, for every semisimple element t G G, each non-Abelian composition factor 
of Cc{t) is a simple group of Lie type (see [17]) of order less, than Cmin. Therefore, for every 
non-Abelian composition factor S of CU(t) and every nilpotent subgroup N < Cyi(t), Carter 
subgroups of (Autjv(S'), S) are conjugate. It follows that C^(t) satisfies (C). Hence, by Lemma 
EX! \K n G\ = 2 a ■ 3^ for some a, (3 ^ 0. 

If G = PSp 2n (g) then by [46, Theorem 2] every unipotent element is conjugate to its inverse. 
Since 3 is a good prime for G, then [40, Theorems 1.2 and 1.4] imply that, for any element 
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u G G of order 3, all composition factors of Cg{u) are simple groups of Lie type of order less, 
than Cmin. Thus Ca(u) satisfies (C), hence, by Lemma T2.4.21 we obtain that K fl G is a 
2-group. By Lemmas 14.2.51 and 14.2.61 every element x G A \ G of odd order with (x) fl G = {e} 
centralizes some Sylow 2-subgroup of G. Hence K contains a Sylow 2-subgroup of G, and hence 
of A, i. e., K satisfies statement (3) of the theorem. 

Thus we may assume that G = PSp 2n (q) and (3 ^ 1, i. e., a Sylow 3-subgroup 3 (KnG) of 
K fl G is nontrivial. By Lemma [4.2.11 we obtain that K fl G is contained in some i^-invariant 
parabolic subgroup P of G with a Levi factor L and, up to conjugation in P, a Sylow 2-subgroup 
2 {K n G) of K fl G is contained in L. Note that all non-Abelian composition factors of P are 
simple groups of Lie type of order less, than Cmin, so P and each its homomorphic image satisfy 
(C). The group K = K0 3 (P)/0 3 (P) is isomorphic to K/0 3 {K n G) and, by LemmaEXH K 
is a Carter subgroup of (K 7 P/0 3 (P)}. Now K f] P/0 3 (P) ~ 2 (Kr\G) is a 2-group and every 
element x G (K, P / 3 (P))\P / 3 (P) of odd order with (x)nP/0 3 (P) = {e} centralizes a Sylow 
2-subgroup of P/0 3 (P) ~ L (see Lemmas 14.2.51 and 14.2.61) . Therefore 2 {K fl G) contains a 
Sylow 2-subgroup of L, in particular, contains a Sylow 2-subgroup H 2 of if. Since K is nilpotent, 
Lemma EH implies that 3 (fT n G) < Cu(H 2 ) = (X r \ r is a long root of $(G) + ). Since for 
every two long positive roots r, s in <3>(G) + we have that r + s G" *£(G), Chevalley commutator 
formula [15, Theorem 5.2.2] (Lemma 11.3.11) implies that (X r \ r is a long root of <3>(G) + ) is 
Abelian. 

Since ( is a field automorphism, it normalizes each parabolic subgroup of G containing a (- 
stable Borel subgroup. Thus for every subset J of the set of fundamental roots II = {r%, . . . , r n } 
of $ = $(G) the parabolic subgroup Pj is ^-stable. Therefore we may suppose that P = Pj, 
where J is a proper subset of the set of fundamental roots IT of $. Choose the numbering 
of fundamental roots so that r n is a long fundamental root, while the remaining fundamental 
roots rj are short roots. If r n G J, then one of the components of the Levi factor, Gi for 
example, is isomorphic to Sp 2 k(q) for some k < n (note that since i / G then g ^ 3). 
By Lemma E2J we obtain that L/G L (Gi) = Aut L (Gi/Z(Gi)) = G 1 /Z{G 1 ). By Lemma 
\2Al\ Ki = irG L (Gi)0 3 (P)/G L (Gi)0 3 (P) is a Carter subgroup of (P X (0)/C L (Gi)O 3 (P). 
Since \K\ fl P/Gi,(Gi)0 3 (P)| is not divisible by 3, and ( centralizes a Sylow 2-subgroup of 
Gi/Z(Gi) (see Lemma l4.2.5j) . then K 1 contains a Sylow 2-subgroup of P/C L (Gi)0 3 (P) ~ 
Gx/Z(Gx) ~ PSp 2k (q). Moreover by Lemma[4X5]a Sylow 2-subgroup of {P/C L (G 1 )0 3 (P)) c 
is a Sylow 2-subgroup of P/Cl{Gi)0 3 (P). Thus K\ fl P/Cl(Gi)0 3 (P) is a Sylow 2-subgroup 
of (P/Gl(Gi)0 3 (P))^ ~ PSp 2 k(S). By Lemma [4.3.21 there exists an element x of odd order of 
PSp 2 k(3) that normalizes but not centralizes a Sylow 2-subgroup; a contradiction with the fact 
that Ki is a Carter subgroup of (P X (()) / Cl(Gi)0 3 (P) . Thus we may assume that r n ^ J. 

Consider the set J n = II \ {r n } and the parabolic subgroup Pj n . From the above arguments 
it follows that K < Pj X (C) < Pj n X (C). Now the subgroup (X r \ r is a long root of $(G) + ) 
is contained in 3 (Pj n ) and 3 (K fl G) is contained in (X r \ r is a long root of $(G) + ), so 
N G (0 3 (K n G)) < 3 (P Jn ) and we may assume that P = P Jn . By Lemma [2XH ^ = 
K0 3 (P)/0 3 (P) is a Carter subgroup of (FX (C))/0 3 (P). Note that a unique non-Abelian 
composition factor of PX (0 is isomorphic to A n ^i(q) ~ PSL n (q). By [9, Theorem 1] and [10, 
Theorem 4] we obtain that K = Rx (0, where R is a Sylow 2-subgroup of P centralized by 
Thus 3 (KC]G) < C P {R). Consider Q = 3 (K nG)f]P c . Since 3 (Kf]G) is nontrivial and K 
is nilpotent, then Q = 3 (KnG)nP c = Z(K)n0 3 (KnG) is nontrivial. Therefore N G (Q) is a 
proper subgroup of G and by Lemma [4.2. II Nn(Q) is contained in a proper parabolic subgroup 
of G. On the other hand, K < Nq(Q) and P = Pj n is a maximal proper parabolic subgroup of 
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G. If Ng(Q) is not contained in P, then N G (Q) and K are contained in a parabolic subgroup 
Pj with r n G J. We have proved above that r n G" J, so N G (Q) is contained in P. 

We shall show that R x Q is a Carter subgroup of G^. Indeed, assume that an element 
x G G^ normalizes R x Q. Then a; normalizes Q, so x is in P and normalizes 3 (P). On the 
other hand x normalizes R, therefore normalizes Gp(A), so x normalizes Go 3 (p)(A). Moreover it 
is evident that x and ( commute. Thus x normalizes (A x Go 3 (p)(A)) X ((). As we noted above, 
A <{Rx Co 3 (p)(P)) X (C) and (A x C 0z {p){P)) X (() is solvable. Lemma [2A2](a) implies that 
(A x Co 3 (p)(P)) X ((■) coincides with its normalizer in G\ (Q, so x G A x Co 3 (p)(R). The group 
Co 3 (p){R) < (A 7 ",. | r is a long root of $(G) + ) is Abelian, so every element of R x Co 3 (p)(R) 
centralizes Co 3 (p)(R) > 0$(K fl G). Therefore x normalizes (A x Co 3 {p)(P)) X (0 = A', i. e., 
x G A. By construction R x Q = A fl G^, so x & R x Q and i? x Q is a Carter subgroup 
of G^. On the other hand O 3 (G<^) ~ PSp2n{3 t "'*') and by induction groups PSp2 n (3 t ^^) and 

P5'P2n(3*/^l) does not contain Carter subgroups of order divisible by 3. This final contradiction 
completes the proof of the theorem. □ 

5.3 Tpynnbi c aBTOMopcpH3MOM TpoftcTBeHHOCTH 

THEOREM 5.3.1. Let G be a finite adjoint group of Lie type over afield of characteristic p , G, 
a are chosen so thatO p (G a ) < G < G a , andO p (G a ) is isomorphic to either D A (q), or^D^q 3 ) . 
Assume that r is a graph automorphism of order 3 of O p (G) (recall that for G ~ ^D^q 3 ) r is 
an automorphism such that the set of its stable points is isomorphic to G2{q) )■ Denote by A\ 
the subgroup of Aut^D^q)) generated by inner-diagonal and field automorphisms, and also by a 
graph automorphism of order 2. Let A < Aut(G) be such that A ^ A 1 (if O p (G) ~ D A (q) ), and 
K be a Carter subgroup of A. Assume also that \O p (G)| ^ Cmin, G = A fl G a and A = KG. 
Then one of the following statements holds: 

(a) G ~ 3 Z?4(g 3 ), (\A : G|,3) = 1, q is odd and K contains a Sylow 2-subgroup of A; 

(b) (\A : G|,3) = 3, q is odd, r G A and, up to conjugation by an element of G, the subgroup 
K contains a Sylow 2-subgroup of Ca{j) £ rG2(g), and r G A; 

(c) {\A : G|,3) = 3, q = 2*, \A : G\ = 3t, A = G X (r,ip), where <p is a field automorphism 
of order t commuting with r and, up to conjugation by an element of G, the subgroup K 
contains a Sylow 2-subgroup of Cg((t, p)?) — G 2 (2 t2 ') and r G A; 

(d) O p '(G) ~ A^Go 3 *), p is odd, the factor group A/G is cyclic, r ^ A, A = G X ((), where 
for some natural m, ( = np m is a graph-field automorphism, and , up to conjugation by 
an element of G, A = Q \ (() , where Q is a Sylow 2-subgroup of Cg{(,2') — 3 D i (p 3t /^ 2 '\) . 

In particular, Carter subgroups of A are conjugate, i. e., if A 2 G A and \F*(A 2 )\ = Cmin ; then 
A 2 does not satisfy to the conditions of the theorem, so F*(A 2 ) ^ 3 D 4: (q 3 ). 

Proof Assume that the theorem is not true and A is a counter example such that |O p '(G)| is 
minimal. In view of [44, Theorem 1.2(vi)] we have that every element of G is conjugate to its 
inverse. By [17] and [40, Theorems 1.2 and 1.4] we obtain that for every element t G G of odd 
prime order, all non- Abelian composition factors of Gc(i) are simple groups of Lie type of order 
less, than Cmin. Thus, G^(t) satisfies (C) and Lemma [2.4.21 implies that K G = A fl G is a 2- 
group. Now Lemma l4.2.6l implies that all cyclic groups, generated by field automorphisms of the 
same odd order of G, are conjugate under G. Since the centralizer of every field automorphism 
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in G is a group of Lie type of order less, than Cmin, we again use Lemma 12.4.21 and obtain the 
statement of the theorem by induction. Lemma T4.2.6I implies also that if O p (G) ~ D 4 (q), then 
all cyclic groups generated by graph-field automorphisms are conjugate. Since the centralizes 
of each graph-field automorphism in G is a group of Lie type of order less than Cmin, we again 
use Lemma [2.4.21 and obtain statement (d) of the theorem by induction. Thus we may assume 
that A does not contain a field automorphism or a graph-field automorphism of odd order. 
Therefore either G ~ 3 -D4(g 3 ) and A/G is a 2-group, or K contains an element s of order 3 such 
that (s) n Ax = {e} (for groups 3 £> 4 (g 3 ) the equality (s) n G = {e} holds), G X (s) = G X (r) 
and K fl G is a 2-group. 

In the first case we obtain the statement (a) of the theorem with condition (\A : G\,3) = 1. 
In the second case there exists two non-conjugate cyclic subgroups (r) and (x) of order 3 of 
A such that (r) n Ax = (x) nAi = {e} and G X (x) = G X (r) (see [32, (9-1)]). Hence, 
either s = r £ K, or s = x £ K. Assume that q ^ 3*. In the first case from the known 
structure of Carter subgroups in a group from the set rG 2 (q), obtained in Theorem 13.3.51 the 
statement (b) or (c) of the theorem follows, in the second case we have that K < Ca(x). 
By [32, (9-1)] C G {x) ~ PGL|(g), where q = el (mod 3), e = ± and PGL%(q) = PGL 3 (q), 
PGLz (q) = PGU 3 (q). Then K = {K n G) x (y, y?), where <p is a field automorphism of O p '(G) 
of order equal to a power of 2 and y is a graph automorphism such that its order is a power of 3 
and x £ (y). By nilpotency of K we obtain that yip = ipy, it follows that Cc G (,p)(x) = Cc G ( x ){ ( p)- 
Now we have that 



Hence C Cg { x ){<-p) = C Cg ^){x) ~ PGL^q 1 ^), with q 1 ^ = /xl (mod 3), where /i = ± (note 
that e and /x can be different). As we noted above, K fl G is a 2-group. On the other hand, 
by [10, Theorem 4] there exists an element z of order 3 centralizing a Sylow 2-subgroup of 
Ca{x) = PGL\(q) and belonging to Cc G (x)(f ) — PGL^q 1 '^). Thus z centralizes K, hence 
is in K. But K fl G does not contain elements of odd order, therefore this second case is 
impossible. 

Assume now that q = 3*. Then Ccij) ~ G 2 (q) and we obtain the theorem. In the second 
case Cg(x) ~ SL 2 (q) X U, where U is a 3-group and Z(Ca(x)) Pi U ^ {e}, a contradiction with 
Lemma El~2 □ 

5.4 Classification theorem 

Theorem 5.4.1. Let G be a finite adjoint group of Lie type (G is not necessary simple) over 
a field of characteristic p and G, a are chosen so that O p (G a ) < G < G a . Assume also that 
G ^ 3 L> 4 (g 3 ). Choose a subgroup A of Aut(O p '(G (T )) with AnG a = G and, ifO p '(G) = D A (q), 
assume that A is contained in the subgroup A\ defined in Theorem 15.3.11 Let K be a Carter 
subgroup of A and assume that A = KG. 
Then exactly one of the following statements holds: 

(a) G is defined over a field of characteristic 2, A = ((G, (g, t) , where t is a 2-element, K is 
contained in the normalizer of a t-stable Borel subgroup of G K fl (G, (g) satisfies to one 
of the statements (a)-(f) of Lemma \A.?>A\ 

(b) G — PSL 2 (3 t ), a field automorphism ( is in A, \(\ = t is odd, and, up to conjugation in 
G, the equality K = Q\ (() holds, where Q is a Sylow 3-subgroup of G^,; 
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(c) A = 2 G 2 (3 2n+1 ) X ((), \(\ = 2n + 1, and, up to conjugation in G the equality K = 
(KnG)\(() holds, and K n 2 G 2 (3 2n+1 ) = QxP, where Q is of order 2 and\P\ = 

(d) p does not divide \K fl G\ and K contains a Sylow 2-subgroup of A, in view of Lemma 
\Jpn\ A satisfies (ESyl2) if and only if G satisfies (ESyl2). 



In particular, Carter subgroups of A are conjugate. 

Remark. There exists a dichotomy for Carter subgroups in groups of automorphisms of finite 
groups of Lie type, not containing a graph, or a graph-field automorphism of order 3. They 
either are contained in the normalizer of a Borel subgroup, or the characteristic is odd and a 
Carter subgroup contains a Sylow 2-subgroup of the hole group. 

Assume that the theorem is not true and A is a counter example to the theorem with 
minimal. Among counterexamples with minimal take those, for which \A\ is 

minimal. In this case for every almost simple group A\ such that |F*(Al)| < F*(Ai) 
is a finite simple group of Lie type and A 1 satisfies the conditions of Theorem 15.4.11 Carter 
subgroups are conjugate. Indeed, note that no more, than one statement of the theorem can be 
fulfill, since if either statement (b), or statement (c) of the theorem holds, then the condition 
Na{Q) = QCa{Q) for a Sylow 2-subgroup Q of A is not true, i. e., the statement (d) of the 
theorem does not hold (the fact that other statements can not hold simultaneously is evident). 
Thus, Carter subgroups of A x are conjugate. Note also that from this fact we immediately 
obtain the inequality |F*(v4)| ^ Cmin. Indeed, if A 2 G A and F*(A 2 ) = Cmin, then either 
A 2 satisfies to the condition of Theorem 15.3.11 or A 2 satisfies conditions of Theorem 15.4. 1L As 
we noted in Theorem 15.3.11 the first case is impossible. The second case, as we just noted, is 
possible only if ^ |F*(A 2 )| = Cmin (since A is a counterexample to the statement of 

the theorem with |F*(^4)| is minimal). 

We shall prove the theorem in the following way. If F*(A) ~ PSp 2n (q), then the theorem 
follows from Theorem l5.2.3[ If A = G, then the theorem follows from [26], [27] and results from 
sections 3 and 4 of the present paper. Thus we may assume, that A/ (A fl G) is nontrivial. Let 
K be a Carter subgroup of A. We shall prove first that if p divides \K fl G\, then one of the 
statements (a)-(c) of the theorem holds. Then we shall prove that if p does not divide l-fCnCr], 
then K contains a Sylow 2-subgroup of A. Since both of these steps are quite complicated, we 
divide them onto two sections. Note that, in view of [17], for every semisimple element t G G, 
all non-Abelian composition factors of Cc(t), so of Cyi(t), are simple groups of Lie type of order 
less, than |F*(A)|, and hence of order less, than Cmin. Therefore Ca(£) satisfies (C). In order 
to apply Lemmas 12.4.11 and 12.4.21 we shall use this fact without future references. 



5.5 Carter subgroups of order divisible by characteristic 

Denote K fl G by Kg- For every group A, satisfying conditions of Theorem 15.4.11 the factor 
group A/G is Abelian and, for some natural t is isomorphic to a subgroup of Z 2 X H u where H t 
denotes a cyclic group of order t. If the factor group A/G is not cyclic, then the group O p (G) 
is split and A contains an element ra, where r is a graph automorphism of O p (G) and a E G a . 
Then every semisimple element of odd order is conjugate to its inverse in A (cf. Lemma [4.2.71) . 
By Lemma [2.4.21 we obtain that \Kq\ is divisible only by 2 and p. If p = 2, then we obtain 
that Kg is a 2-group, it is contained in a proper i^-invariant parabolic subgroup P of G and 
by Lemma \2JJ]K0 2 (P) /0 2 (P) is a Carter subgroup oiKP/0 2 (P). Since K G < 2 (P), then 
(K0 2 (P)/0 2 (P)) fl (P/0 2 (P)) = {e}. Hence P is a Borel subgroup of G, otherwise we would 
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have C P /o 2 {p)(K0 2 (P)/0 2 {P)) ^ {e}, a contradiction with the fact that K0 2 (P)/0 2 (P) is 
a Carter subgroup of KP/0 2 (P). Thus P is a Borel subgroup and the theorem follows from 
Lemma 14.3.41 Now if p ^ 2, then again Kq is contained in a proper parabolic subgroup P of 
G such that O p (K G ) < O p (P) and 2 (K G ) < L. Then Lemmas [4X5] and WSM implies that 
H 2 < 2 (K n G) < K. Now Lemma EXJ implies that O p (K G ) < Cu(H 2 ) = {e}. Therefore 
KnG is a 2-group. By Lemmas 14.2.51 and 14.2.61 every element x E A\G of odd order such that 
(x)C\G = {e} centralizes some Sylow 2-subgroup of G. Hence K contains a Sylow 2-subgroup of 
A, i. e., K satisfies statement (d) of the theorem. Therefore A/G is cyclic and we may assume 
that A = (G, (g) E TG. 

Recall that we are in the conditions of Theorem 15.4.11 A = (G, (g) is supposed to be a 
counter example to the theorem with \O p (G)\ and \A\ minimal, and if is a Carter subgroup 
of (G,Cg) such that p divides \K G \. We have that K = (( k g,K G ). Since |O p '(G)| ^ Cmin, 
Lemma 12.4. II implies that KG/G is a Carter subgroup of (G,(g)/G. Therefore \( k \ = and 
we may assume that k — 1 and K = (K G , (g). 

In view of Lemma 14.2.11 there exists a proper a- and (g- invariant parabolic subgroup 

P of G such that O p (K G ) < R U (P) and K G < P. In particular, P and P are conjugate 
in G. Let $ be the root system of G and II be a set of fundamental roots of In view 
of [15, Proposition 8.3.1], P is conjugate to some Pj = B ■ Nj ■ B, where J is a subset of II and 
Nj is a complete preimage of Wj in N under the natural homomorphism N/T — > W. Now P j 

is (^-invariant, hence P j = Pj (recall that ( = ^ e (p k by definition). Consider the symmetry 
p of the Dynkin diagram of $ corresponding to 7. Let J be the image of J under p. Clearly 

P^j = Pj. Since P and P are conjugate in G we obtain that Pj and Pj are conjugate in G. 
By [15, Theorem 8.3.3] it follows that either e = 0, or J = J; i. e., Pj is ^-invariant. 

Now we have that V = Pj for some y EG. So ((g,P)v = {((gf.Pj) and P ( j 9)V = Pj. It 
follows 

where h = (l~ l y~ l C,gy) e G. Since p 1 } = Pj = p h J 1 we obtain that ft, G N G (Pj). By [15, 
Theorem 8.3.3], N G {Pj) = Pj, thus ((g,P) y = (C,Pj). Now both P and Pj are cr-invariant. 
Hence y&iy" 1 ) E Nq(P) = P. Therefore, by Lang-Steinberg Theorem (Lemma 11.5.31 ). we may 
assume that y = cr(y), i. e., y E G a . Since G a = T a - O p (G a ) and T < Pj, then we may assume 
that y E O p (G a ). Thus, up to conjugation in G, we may assume that K < ((, Pj) = Pj \ (() 
and 

K<((PjnG),{g) = (Pj,{g), 

in particular, g E (Pj)a- Further if Lj = (T, X r \r E J U — J), then Lj is a a- and (- invariant 
Levi factor of Pj and Lj = Lj fl G is a ^-invariant Levi factor of Pj. Then Lj is a Cs'-stable 
factor Levi of Pj. Since all Levi factors are conjugate under O p (Pj), we may assume that Lj 
is a Cg-stable Levi factor. Lemma [2.4.11 implies that 

KO p (Pj)/O p (Pj) = X 

is a Carter subgroup of (Pj, (g) /O p (Pj) and 

KZ(Lj)O p (Pj)/Z(Lj)O p (Pj) = X 

is a Carter subgroup of (Pj, (g)/Z(Lj)O p (Pj). Recall that if = {(g, K G ), hence, if v and v are 
the images of g under the natural homomorphisms 

u : (Pj,(g) - (LjXg) ^ (Pj,(g)/O p (Pj), 
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Co : (Pj,(9) - (Pj,(9)/Z(Lj)O p (Pj) ~ (Lj,(g)/Z(Lj), 

then X = ((v, Kq) and X = ((v, Kq). Note that O p (P) and ZiLj) are characteristic subgroups 
of P and L j respectively, hence we may consider ( as an automorphism of Lj ~ P/O p (P) and 
L = Lj/Z(Lj). Note also that all non-Abelian composition factors of P are simple groups of 
Lie type of order less than Cmin, hence {P, (g) satisfies (C). Thus we may apply Lemma 12.4.11 
to (L,(g), {L,Cg}, and (P,(g). 

If Pj is a Borel subgroup of G, then the statement of the theorem follows from Lemma 
14.3.41 So we may assume that Lj ^ Z{Lj), i. e., that Pj is not a Borel subgroup of G. 
Then Lj = H(G\ * ... * G&), where Gi are subsystem subgroups of G, k ^ 1, and if is a 
Cartan subgroup of G. Let (g = {^2) • {(2^2') be the product of 2- and 2'- parts of (g 
(with g2, g2' £ (-Pj)c)- Now (2' = l P k , for some k, is a field automorphism (recall that we do 
not consider the triality automorphism) and it normalizes each Gi, since ip normalizes each 
Gi. Moreover, in view of Lemma [4.2.51 we have that £2' centralizes a Sylow 2-subgroup of H. 
In particular, it centralizes a Sylow 2-subgroup of Z(Lj) < H . Therefore, every element of 
odd order of (Lj, C2 ,v 2') centralizes a Sylow 2-subgroup of Z{Lj) (here vy is the image of gy 
under 00). 

Now L = (PGi x ... x PG k )H, where H = H u and PGi, . . . , PG k are canonical finite 
groups of Lie type with trivial center. Set Mj = Gj(PGj), clearly Mj = (PGi x . . . x PGj_i x 
PGj+i x ... x PGk)Cg(PGi); denote by Lj the factor group L/Mj and by 7Tj corresponding 
natural homomorphism. Then Li is a finite group of Lie type and PGi < Li < PGi. 

Set Mi j = C~{PGi x PGj), then 

M ii:j = (PG 1 x ... x PG. 4 _i x PG i+1 x ... x PG ; -_! x PG i+1 x . . . x PG fc )G # (PGj x PGj); 

denote by iiij corresponding natural homomorphism L — > L/M i; j. If Mj (respectively Mjj) 
is ^-invariant, then Mj (resp. Mjj) is normal in (L, (v) and we denote by 7Tj (resp. TTij) the 
natural homomorphism 7Tj : (L,(v) — > (L,(v)/Mi (71"^ : (L,(v) — > (L,(v)/Mij). 

Now consider Since C 2 is a field automorphism, there can be two cases: either £ normalizes 
PGj, or C 2 normalizes PGj and PGj' = PGj for some j 7^ i. Consider these two cases separately. 

Let ( normalizes PGj. Then ( normalizes Mj, and Lemma [2.4.11 implies that X Wi = Ki is 
a Carter subgroup of (Lj, (C^) 7 " 4 )- Since (Lj, ((v)^) is a semilinear group of Lie type satisfying 
the conditions of Theorem 15.4.11 (by definition, ( 2 is a field automorphism, so we are not in the 
conditions of Theorem 15 .3 . 1 h . |Lj| < |G|, and p does not divide |Lfj|, we have that Ki contains 
a Sylow 2-subgroup Qi of (Lj, (Cu) 71 *) (in particular, p 7^ 2) and, by Lemma [2.4.31 the group 
(L^iCv)^) satisfies (ESyl2). 

Let ( 2 normalizes PGj and PG^ = PGj. Then Mjj is normal in (L, (v). We want to show 
that (L,(v) ni,j satisfies (ESyl2). Since Mjj is a normal subgroup of (L, (v), then, by Lemma 
12.4.11 (X) 71 *- 3 ' is a Carter subgroup of (L, (^v) 71 "^. Consider the subgroup 

((PGi) n ^ x (PGjp^X^) 

of (L, (v) Wi ' j (note that (PGj) 7 ^ ~ PGj and (PGjY^ ~ PGj, and till the end of this paragraph 
for brevity we shall identify these groups). Now we are in the conditions of Lemma l2.2.3l namely 
we have a finite group G = (X) 7FiJ (PGj x PGj), where PGj ~ PGj has trivial center. Then 
Aut^^ ii: , (PGj) ~ Aut^(PGj) is a Carter subgroup of Autg(PGj). Now PGj is a canonical 
finite group of Lie type and 

PGj < Aut g (PG 4 ) < Aut(PG i ), 
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i. e., Autg(PGj) satisfies to the conditions of Theorem 15.4.11 (by construction ( 2 is a field 
automorphism and so we are not in the conditions of Theorem 15.3. II ) and (X) ni 'i fl (PGj x PGj) 
is not divisible by the characteristic. By induction, Aut^y i:j (PGj) contains a Sylow 2-subgro- 
up of Autg(PGj) (in particular, p ^ 2). The same arguments show that Autj^(PGj) contains 
a Sylow 2-subgroup of Autg(PGj). Therefore, Autg(PGj) and Autg(PGj) satisfy (ESyl2). 
Since Autg(PGj) < Aut,j (PGj) and Autg(PGj) < Aut,j (PGj), Lemmas 14.3. II and 
14.3.31 imply that groups of induced automorphisms Aut/g ^ it j (PGj) and Aut/j (PGj) 
satisfy (ESyl2). Consider A,^-^ (PGj) and A^ (PGj). Since 

l&CS)*" = iV (£)f5ri , 3 -(PGj)| = KACi?)^ : ^.^(PGi)! = 2, 

it is easy to see that for every element h of (L, (v) ni - j the equality of cosets hN^ (PGj) = 
hNfT^-^ijiPGj) holds, it follows that (PGj) = A^-**^ (PGj). By construc- 

tion G,j )f ~y n j (PGj) H C^^^PGj) = {e}, so Lemma EHE (with G/^-^ (PGj) and 
G/£ (PGj) as normal subgroups) implies that the normalizer A^ ^^, 3 (PGj) satisfies 

(ESyl2). Now \(L, : N {Ix ~ )nj (PG X ) | = 2, thus Lemma ESS implies that (L,(v) n ^ 

satisfies (ESyl2). 

Now we shall show that (Lj, (v) satisfies (ESyl2). Since L ^ {e}, then, as we noted above, 
p 7^ 2. Let Q be a Sylow 2-subgroup of (Lj,(v)- Consider an element x G N^ Lj ^ v \(Q) of odd 
order. We need to prove that x centralizes Q. As we noted above, every element of odd order 
of (Lj,(v) centralizes Q fl Z(Lj), hence, if x = x^ centralizes Q = Q u ~ Q/(Q fl Z(Lj)), 
then x centralizes Q. Now either Mj is normal in (L,(v), or M{j is normal in (L, £v) and 
(fljMj) P| (rijjMjj) = {e}. Moreover, as we proved above, x ni centralizes QMi/M i7 and x ni - j 
centralizes QM^j/M^j. By Lemma 12.4.51 (with normal subgroup Mj and Mjj) we obtain that 
x centralizes Q. 

Thus (Lj,(v) satisfies (ESyl2) and by Lemma 12.4.31 there exists a Carter subgroup F of 
(Lj,(v) containing Q. Since (Lj,(v) satisfies (C), Theorem 12.1.41 implies that X = and 
F are conjugate, i. e., X contains a Sylow 2-subgroup of (Lj,(v) and, up to conjugation in 
(Pj, (v), K contains a Sylow 2-subgroup of (Pj,( v )- In particular, a Sylow 2-subgroup Qi 
of a Cartan subgroup if is in A and Q\ centralizes K fl O p (Pj) ^ {e}; a contradiction with 
Lemma 13.2.91 

5.6 Carter subgroups of order not divisible by characteristic 

Again we are in the conditions of Theorem l5.4.1l As we noted in the previous section, for every 
group A satisfying conditions of Theorem 15.4.11 the factor group A/G is Abelian and, for some 
natural t is isomorphic to a subgroup of Z 2 x Z t . If the factor group A/G is not cyclic, then 
O p (G) is split and A contains an element ra, where r is a graph automorphism of O p (G) and 
a G G a . Thus, if A/G is not cyclic, or $(G) ^ A n , D 2n+1 , E e , then by Lemmas 13.2.31 and 14.2.71 
every semisimple element of G is conjugate to its inverse. By Lemma 12.4.21 we obtain that 
Kg = K fl G is a 2-group. In the conditions of Theorem 15.4.11 the group A/G is Abelian and, 
if Ai is a Hall 2'-subgroup of A/G, then A± is cyclic. Let x be the preimage of the generating 
element of A x taken in K. Then (x) n G < (x) H G_a_ < K n G a = K n (A n G CT ) = K n G. As 
we noted above, A fl G is a 2-group, hence (x) D G a — {e}. By Lemma [4.2.61 the element x 
under G a is conjugate to a field automorphism of odd order and by Lemma 14.2.51 the element 
x centralizes a Sylow 2-subgroup of G (in particular, p ^ 2) and, since A/G is Abelian, Lemma 
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12.4.51 implies that K contains a Sylow 2-subgroup of A. Thus Theorem 15.4.11 is true in this 
case. So we may assume that A = (G, (g) is a semilinear group of Lie type, K = (( k g, K G ) 
is a Carter subgroup of A, and <&(G) G {A n , D 2n +i, E G }. Like in the previous section we may 
assume that k — 1. Since G^ is nontrivial, then the centralizer Cg(C9) is also nontrivial, 
we have that Kq is also nontrivial. Since G^ is nontrivial, then the centralizer CciCg) is 
nontrivial, so Kg is also nontrivial. Therefore Z(K) fl Kg is nontrivial. Consider an element 
x G Z(K) n K G of prime order. Then K G C A (x) = (C^_Cg(x)). Now C^xf = C is a 
connected cr-stable reductive subgroup of maximal rank of G. Moreover C is a characteristic 
subgroup of Cq(x) and Cq(x)/C is isomorphic to a subgroup of A (see [34, Proposition 2.10]). 
Thus K is contained in (K,C), where C = C R G. Moreover, by Lemma 14.1.11 the subgroup 
C = C fl G = T(Gi * ... * G m ) is normal in Ca{x) and K G C/C is isomorphic to a subgroup of 
A. Assume that \Kq\ is not divisible by 2. 

If m = 0, then C = T = Z{C) is a maximal torus. Then T is Cg-stable. In view of Lemma 
14.2.41 we obtain that Na(Ca(x)) ^ Ca{x). Since Ca(x) is solvable in this case this gives a 
contradiction with Lemma 12.4.21 

If m ^ 1, then Z(C) and G\ * . . . * G m are normal subgroups of (K,C). Hence we may 
consider G = (K, G 1 * . . . * G m * Z(C))/Z(C) < (K,C)/ZJ > C). Then G = K(PG 1 x . . . x 
PG m ), where K = KZ{C)/Z{C) is a Carter subgroup of G (see Lemma [2.4. 1H and Z(PGi) 
is trivial. Now K acts by conjugation on {PGi, . . . ,PG m } and without lost of generality we 
may assume that {PGi, . . . , PG m } is a if-orbit. Thus we are in the condition of Lemma [2.2.31 
and Aut^(PGi) is a Carter subgroup of Autg(PGi). Moreover \K fl PGi x . . . x PG m \ is 
not divisible by the characteristic. By induction we have that either Aut^(PGi) contains a 
Sylow 2-subgroup of Autg(PGi), or Autg(PGi) satisfies to the conditions of Theorem 15.3.11 
and Autg(PGi) fl PGi is a nontrivial 2-group, in particular p is odd. In any case \K fl G\ is 
divisible by 2 that contradicts our assumption. Therefore the order \Kq\ is even and we may 
assume that x G Z(K) fl K G is an involution. 

Write (g = ^gi • (2'92, where (^i is the 2-part and C^gi is the 2'-part of (g. By Lemma 
14.2.51 the element fa centralizes a Sylow 2-subgroup Qg of G, so we may assume that the order 
of gi is odd. Up to conjugation in G we may assume that £2' centralizes a Sylow 2-subgroup 
of K G . In particular, ( 2 ' centralizes x. Let Q be a Sylow 2-subgroup of Cq(x). Then there 
exists y G G such that Q y < Qg- Substituting the subgroup K by its conjugate K y , we may 
assume that £ 2 / centralizes a Sylow 2-subgroup of Cq{x). Since Qi'Qi centralizes x, we obtain 
that g 2 G Cq (x). Moreover, by Lemma [3.2.11 it follows that g 2 G Cq(x)°. In particular, g 2 
normalizes each Gi and centralizes Z(C) and Z(Cg(x)). 

Note that normalizes each Gi and centralizes a Sylow 2-subgroup of Z(Cq(x)) (recall 
that C2' centralizes a Sylow 2-subgroup of Cg(x)). Indeed, normalizes C, hence normalizes 
characteristic subgroups O p (C) = Gi*. . - *G m and Z{C) of C. So we may consider the induced 
automorphism £2' of 

O p '{C)/{Z{C) n O p '{C) = PGi x . . . x PG m . 

Since each PGi has trivial center and can not be written as a direct product of proper subgroups, 
corollary from Krull-Remak-Schmidt Theorem [38, 3.3.10] implies that ( 2 > permutes distinct 
PGi. Since ( 2 > centralizes a Sylow 2-subgroup of Cq(x) and C < Cg(x), then ( 2 / centralizes a 
Sylow 2-subgroup of C, hence centralizes a Sylow 2-subgroup Q\ x . . . x Q m of PGi x . . . x PG m , 
where Qi is a Sylow 2-subgroup of PGi. If £2' would induce a nontrivial permutation on the 
set {PGx, . . . , PG m }, then in would induce a nontrivial permutation on {Qi, . . . , Q m }. Since 
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each Qi is nontrivial, this is impossible. Thus every element of odd order of (K, C) centralizes 
a Sylow 2-subgroup of Z(C) and normalizes each Gj. 

If $(G) = Eq, then by Lemma l3.2.1l the centralizer of every involution of G in G is connected. 
By Lemma l4.2.2l every involution of G is contained in a maximal torus T such that N(G, T)/T ~ 
W, where W is a Weyl group of G. C is welknown to be generated by the torus T and T-root 
subgroups. Write C = T(G\ * ... * Since T a either is obtained from a maximal split torus 
H by twisting with an element wq of order 2, or is equal to H, and each field automorphism 
acts trivially on the factor group Nq(H)/H, then ( 2 ' normalizes every subgroup Gi. So, if 
$(Gy = -D4, then (2' induces a field (but not a graph or a graph-field) automorphism of Gi. 
Moreover, since a acts trivially on the factor group Nq(T)/T (see Lemma [4.2.51) . then [17, 
Proposition 6] implies that a normalizes each Gi. Therefore, none of Gi is isomorphic to 
3 D i (q 3 ). If coincides with A n or D n , then [18, Propositions 7, 8, 10] imply that none 

of Gi is isomorphic to 3 -D 4 (g 3 ). Therefore in any case none of Gi is isomorphic to 3 Z?4(g 3 ). 
Moreover Lemma GOO implies that \K G : (K G nC)\ divides \C- n (x)/C- n (x)°\ and Cq(x)/Cq(x)° 
is a 2-group. In [18] it is proven that if a root system $ has type D n and \& is its subsystem of 
type -D4, then none element from Nw ($)(W '(^)) induces a symmetry of order 3 of the Dynkin 
diagram of Since £ 2 is a field automorphism, lack of a symmetry of order 3 together 
with [17, Proposition 6] implies that for each Gi the automorphism is field (but not graph 
o graph-field). Therefore the group of induced automorphisms (Aut^(PGj), PGi) satisfies to 
the conditions of Theorem 15.4.11 for all i. 

Now consider G = K{VG t x . . . x PG m ) < (K,C)/Z(C) (probably, m = 0), where K = 
KZ(C)/Z(C) is a Carter subgroup of G (see Lemma T2.4.1I) and, for all i, Z(PGi) = {e}. By 
Lemma T2.2.3I we have that Aut^(PGi) is a Carter subgroup of Autg(PGi). Since PGi is 
a finite group of Lie type satisfying Theorem 15.4.11 by induction we obtain that Autg(PGi) 
satisfies (ESyl2). Similarly we have that Autg(PGj) satisfies (ESyl2) for all i. Since 

Aut {KC )/z(c)(PGi) > Aut g (PG 4 ), 

Lemmas 14.3.11 and 14.3.31 imply that A.ut (K,c)/z(c)(PGi) satisfies 
(ESy l2). Since C {K , C )/z(c)(PGi x ••• x PG m ) = {e}, Lemma 

12.4.51 with normal subgroups C( Kj c)/z(C)(PGi) n N( K! c)/z{C){¥Gx), . . . , 
C{ K ,c)/z(c)(PG m ) n N {KiC )/z{C){¥Gx) implies that N {K>C )/z(C)(PGi) satisfies (ESyl2). 
Now 

\(K,C)/Z{C):N {K , C)/Z{C) {PG 1 )\=2\ 

and each element of odd order of (K, C)/Z{C) normalizes PGi, thus, by Lemma [2.4.6l we obtain 
that the factor group (K,C)/Z(C) satisfies (ESyl2) and, by Lemma T2.4.5I (K,C) satisfies 
(ESyl2). Since \PGi\ < Cmin, then (K,C) satisfy (C). By Lemma E2L~3] we obtain that there 
exists a Carter subgroup F of (K, C) containing a Sylow 2-subgroup of (K, C) . By Theorem 
12.1.41 subgroups F and K are conjugate in (K,C), thus K contains a Sylow 2-subgroup Q 
of (K,C). Since \Cq{x) : C\ is a power of 2 and (K,C) normalizes Cq(x), we obtain that 
\(K,Cc{x)) : (K,C)\ is a power of 2. Moreover by construction each element of odd order of 
(K,Cg(x)) is in (K,C). Thus by Lemma 12.4.61 (K. CrAx)) satisfies (ESyl2) and K contains a 
Sylow 2-subgroup Q of (K,Cg(x)) . 

Let TQ be a Sylow 2-subgroup of (G, (g) containing Q and t G Z(TQ) C\G. Then t G Ca(x), 
hence, t G Z(Q) and t G Z{K). Thus we may substitute x by t in arguments above and obtain 
that Q = TQ, i. e., K contains a Sylow 2-subgroup of (G,(9), than completes the proof of 
Theorem 15.4. 1L 
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5.7 Carter subgroups of finite groups are conjugate 

Before we formulate the main theorem, note a corollary of Theorem 15.4. 1L 
Corollary 5.7.1. Cmin = oo. i. e. A = 0. 

Proof. Indeed, let A^ and A e A is such that the equality = Cmin holds. Since 

F*{A) = O p (G a ) for an adjoint simple connected linear algebraic group G and a Frobenius 
map cr, denote the intersection A Pi G CT by G. As we noted in the beginning of subsection 6.1, 
we may assume that A = KF*(A) = KG. Therefore A satisfies either to the conditions of 
Theorem l5.3.1l or to the conditions of Theorem l5.4.1[ In both cases we have proved that Carter 
subgroups of A are conjugate, that contradicts to the choice of A. □ 

In order to state the main theorem without using of the classification of finite simple groups, 
we give the following definition. A finite group is said to be a K -group if all its non-Abelian 
composition factors are known simple groups. 

Theorem 5.7.2. (Main Theorem) Let G be a finite K -group. Then Carter subgroups of G 
are conjugate. 

Proof. By Theorems 13.3.51 11.5.61 15.2.31 15.3.11 and 15.4.11 of the present paper, and also by [26] 
we obtain that for each known simple group S and each nilpotent subgroup A of a group of 
its automorphisms, Carter subgroups of (N,S) are conjugate. So G satisfies (C). Hence by 
Theorem 12.1.41 Carter subgroups of G are conjugate. □ 

From Lemma E3J] and Main Theorem [5221 it follows that a homomorphic image of a Carter 
subgroup is a Carter subgroup. 

Theorem 5.7.3. Let G be a finite K-group, H a Carter subgroup of G, and N a normal 
subgroup of G. Then HN/N is a Carter subgroup of G/N . 

6 Existency criterion 

6.1 Brief review KpaTKHH o63op pe3yjn>TaTOB naparpacpa 

In this section we shall obtain a criterion of existence of Carter subgroups in a finite group 
in terms of its normal series. Note that there exist finite groups without Carter subgroups, 
a minimal counter example is Alts. We shall construct an example showing that an essential 
improvement of the criterion is impossible. At the end of the section, for convenience of the 
reader, we assemble the classification of Carter subgroups in finite almost simple groups, that 
is obtained in the present paper. 

Recall that in view of Theorem 15.7.21 in every almost simple group with known simple socle 
Carter subgroups are conjugate. Thus, modulo the classification of finite simple groups, in every 
finite group Carter subgroups are conjugate. In this section by a finite group we always mean 
a finite group satisfying (C), thus the results of the section do not depend on the classification 
of finite simple groups. 

Definition 6.1.1. Let G — G > G\ > . . . > G n — {e} be a chief series of G (recall that G is 
assumed to satisfy (C)). Then Gi/G i+ i = T itl x . . . x T i fc ., where T^i ~ . . . ~ T i fc . ~ Tj and Tj 
is a simple group. If z ^ 1, then denote by Ki a Carter subgroup of G/Gi (if it exists) and by 
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Ki its complete preimage in G/G i+ i. If % — 0, then K = {e} and i^o = G/G\ (note that -ft"o 
always exists). A finite group G is said to satisfy (E), if for each i, j, either Ki does not exists, 
or Auti^(Tjj) contains a Carter subgroup. 

By Theorem 16.2.21 and Theorem 15.7.31 it follows that if a finite group satisfies (E), then, for 
every i, subgroup K{ exists, so the first part of condition (E) is never satisfied. Recall that 
by Theorem 15.7.31 a homomorphic image of a Carter subgroup is a Carter subgroup. We shall 
constantly use this fact. 



6.2 Criterion 

Below we shall need an additional information on the structure of Carter subgroups in groups 
of special type. Let A' be a group with a normal subgroup T'. Consider the direct product 
A\ X . . . X Ak, where Ai ~ . . . ~ A k — A', and its normal subgroup T — T\ x . . . x T k , 
where 7\ ~ . . . ~ T k ~ T' . Consider the symmetric group Sym fc , acting on A 1 x . . . x A k by 
Al = Ais, for all s G S and define X to be equal to a semidirect product (A\ x . . . x y4fc)XSym fc 
(permutation wreath product of A' and Sym fc ). Denote by A the direct product Ai x . . . x A k 
and by Tii the projection iii : A — > Ai. In these notations the following lemma holds. 

Lemma 6.2.1. Let G be a subgroup of X such that T < G, G/{G fl T) is nilpotent, and 
(G fl A) Wi = Ai. Assume also that A is solvable. Let K be a Carter subgroup of G. 
Then (K fl A) Wi is a Carter subgroup of Ai. 

Proof. Assume that the statement is false and let G be a counter example of minimal order 
with k minimal. Then S = G/(GC\A) is transitive and primitive. Indeed, if S is not transitive, 
then S < Sym fci x Sym^^, hence G < G\ x G 2 - If we denote by ipi : G — ► Gi the natural 
homomorphism, then G^ i = Gi satisfies conditions of the lemma and K^ 1 = Ki is a Carter 
subgroup of Gi. Clearly (G n A)** = (G { n A^p , where i = 1 if j 6 {1, . . . , k{\ and % = 2 if 
j E {hi + 1, . . . , k}, i. e., the following diagrams are commutative: 

J A s-i „ a J 



GO A *Aj, GO A *Aj. 







d n A^ 1 G 2 n A^ 

Thus we obtain the statement by induction. If S is transitive, but is not primitive, let 

^1 = {^1; • • • > T m }, Q 2 — {Tm+1, ■ ■ ■ , T2m}, . . . ,Q[ = {T(i^i) m+ i, . . . , T; m ) 

be a system of imprimitivity. Then it contains a nontrivial nontransitive normal subgroup 

F' < Sym m x ... x Sym m , 

V v ' 

/ times 

where k = m ■ I. Consider a complete preimage F of f in X. Then G fl F < F\ x . . . x Fi. 
Denote by ipi : F — > Fi a natural projection, then (G fl F)^ x = Fi. Note that all Fj-s satisfy 
conditions of the lemma and, if we define T[ = T(j_!) m+1 x . . . x T im , then G satisfies conditions 
of the lemma with V = T[ x . . . x T[ and A' = F. By induction we have that (K n F)^ is a 
Carter subgroup of Fi and, if j G {m- (i — 1) + 1, . . .m-i}, then ((K fl F)^ fl A^ 1 )* 3 is a Carter 
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subgroup of Aj. Since (G H Ap = ((if n F)** H A**)** (for suitable z), we get the statement 
by induction. 

Let Y' be a minimal normal subgroup of G, contained in T (if Y' is trivial, then T is trivial 
and we have nothing to prove, since G is nilpotent in this case). Thus Y' is a normal elementary 
Abelian p-group. Let = (Y') ni , then Y = Y\ x . . . x Y k is a nontrivial normal subgroup of 
G (y is a subgroup of G since T < G). Let 7fj : (Gfli) — > A-jYi = At be a projection, 
corresponding to m. Denote by if = KY/Y a corresponding Carter subgroup of G = G/Y. 
Then G satisfies conditions of the Lemma. By induction, (if R A) nt is a Carter subgroup of 
Ai. Let K\ be a complete preimage of if in G, and let Q be a Hall p'-subgroup of K\. Then 
(Q n AY 1 is a Hall p'-subgroup of (ifi Pi A) 71- *. In view of the proof of [8, Theorem 20.1.4], we 
obtain that if = N Kl (Q) is a Carter subgroup of G and (N Kin A_{Q C\ A)) ni is a Carter subgroup 
of Ai. Thus we need to show that (N^nAiQ ^ A))^ = (N^nsiQ))^ ■ By induction the equality 
(Nx^iAnQ))^ = (Nx^iQ))^ holds. Thus we need to prove that (N Y (QnA))** = (N Y (Q)) ni . 
Note also that (N Y (Q n A))*' < N Y .((Q nA) ni ). 

Since S is transitive and primitive subgroup of Sym fc , then k = r is a prime and S = (s) 
is cyclic. If r = p, then Q n A = Q and we have nothing to prove. Otherwise let h be an 
r-element of if, generating S modulo if fl A. Clearly Q = (Q fl A)(h). Let t G F< be an 
element of N Y .((Q n A) 7ri ). Then (t-t h -...- 1^' 1 ) e N Y (Q) and t n * = (t ■ t h ■ . . . ■ tP" 1 )**, hence 
(N Y (Q n < Ar Ki ((g n < (N Y (Q))** < (N Y (Q n A))^. □ 

Theorem 6.2.2. Le^ G be a finite group. Then G contains a Carter subgroup if and only if 
G satisfies (E). 

Proof. We prove the part "only if" first. Let if be a minimal normal subgroup of G. Then 
H — Ti x . . . x Tk, where 7\ ~ . . . ~ T k ~ T are simple groups. 

If if is elementary Abelian (i. e., T is cyclic of prime order), then Aut(T) is solvable and 
contains a Carter subgroup. Assume that T is a non-Abelian simple group. Clearly K is a 
Carter subgroup of KH. By Lemma l2.2.3l we obtain that Aut kh(Ti) contains a Carter subgroup 
for all i. Induction by the order of the group completes the proof of necessity. 

Now we prove the "if" part. Again assume by contradiction that G is a counter example of 
minimal order, i. e., that G does not contain a Carter subgroup, but G satisfies (E). Let H be 
a minimal normal subgroup of G. Then H = T\ x . . . x T k , where T\ ~ . . . ~ T k ~ T, and T is 
a finite simple group. 

By definition, G/H satisfies (E), thus, by induction, there exists a Carter subgroup K of 
G = G/H. Let if be a complete preimage of if, then K satisfies (E). If K ^ G, then by 
induction K contains a Carter subgroup K' . Note that K' is a Carter subgroup of G. Indeed, 
assume that x G N G (K f ) \ K' . Since K' H/ H = K is a Carter subgroup of G, we obtain that 
x G K. But K 1 is a Carter subgroup of K, thus x G K' . Hence G = K , i. e., G/H is nilpotent. 

If H is Abelian, then G is solvable, therefore, G contains a Carter subgroup. So assume that 
T is a non-Abelian finite simple group. We shall show first that Cq{H) is trivial. Assume that 
Cg{H) = M is nontrivial. Since T is a non-Abelian simple group, it follows that M fl H = {e}, 
so M is nilpotent. By Lemma 12. 1.21 we obtain that G/M satisfies (E). By induction we obtain 
that G/M contains a Carter subgroup K . Let K' be a complete preimage of K in G. Then K' 
is solvable, therefore contains a Carter subgroup K. Like above we obtain that if is a Carter 
subgroup of G, a contradiction. Hence Cg{H) = {e}. 

Since if is a minimal normal subgroup of G, we obtain that Autc(fi) — Autc(T 2 ) — ■ ■ ■ — 
Autc(ffc). Thus there exists a monomorphism 

if : G -> (Aut G (7\) x ... x Aut G (T fc )) X Sym, = G x 



6 EXISTENCY CRITERION 



53 



and we identify G with G v . Denote by ifj a Carter subgroup of Autc(ii) and by A the 
subgroup A.vXq{Ti) x ... x Aut G (T k ). Since G/H is nilpotent then K{T{ = Autc<(Tj) and 
d = (KiTx x ... x ir fc T fc ) X Sym fc . Let ^ : G n A ^ (G fl A)/C(anA){Ti) be canonical 
projections. Since G/{G fl A) is transitive, we obtain that (G fl A) 71 ' = KiTi. 

Since AutcnA(^i) = iQii, then G fl A satisfies (E). By induction it contains a Carter 
subgroup M. By Lemma T2.2.3I we obtain that M Wi is a Carter subgroup of KiTi, therefore 
we may assume that M Wi = Ki. In particular, if R — (Ki D Ti) x ... x (if*, fl T^), then 
M < N G (R). In view of Theorems 12.1.41 and 15.7.21 Carter subgroups in each finite group are 
conjugate. Since (GnA)/H is nilpotent, we get that GnA = MH, so G = N G (M)H. More over 
N G (M) H A = M, hence N G (M) is solvable. Since M normalizes R, and M*< = K { , we obtain 
that N G (M) normalizes R, so N G (M)R is solvable. Therefore it contains a Carter subgroup 
K. By Lemma ELD, (if H A)** is a Carter subgroup of (N G (M)R n A)^ (i? play the role of 
subgroup T from Lemma 16.2.11 in this case), so (K fl A)^ = Ki. Assume that x E N G (K) \ K. 
Since G/H = N G {M)H/H = KH/H, it follows that x E H. Therefore x 7r< e (iV G (if) n A) 7 " 1 < 
A" Ti ((is: n A) 71 *) = isTi. Since n i Ker(vr i ) = {e}, it follows that x E R< N G (M)R. But K is a 
Carter subgroup of N G (M)R, hence x E K. This contradiction completes the proof. □ 

6.3 Example 

In this subsection we shall construct an example, showing that we cannot substitute condition 
(E) by a weaker condition: for each composition factor S of G, Ant G (S) contains a Carter 
subgroup. This example also shows that an extension of a group containing a Carter subgroup, 
by a group, containing a Carter subgroup, may fail to contain a Carter subgroup. 

Consider L = PSL 2 (3 3 ) \((p), where <p is a field automorphism of PSL 2 (3 3 ). Let X = (L\ x 
L 2 ) XSym 2 , where L\ ~ L 2 — L and if a = (1, 2) E Sym 2 \ {e}, (x, y) E Li x L 2 , then a(x, y)a = 
(y,x) (permutation wreath product of L and Sym 2 ). Denote by H = PSL 2 (3 3 ) x PSL 2 (3 3 ) a 
minimal normal subgroup of X and by M = L\ x L 2 . Let G — [H X ((</?, <y9 _1 ) )) X Sym 2 be a 
subgroup of X. Then the following statements hold: 

1. For every composition factor S of G, Aut G (S) contains a Carter subgroup. 

2. G fl M < G contains a Carter subgroup. 

3. G/(G n L) is nilpotent. 

4. G does not contain a Carter subgroup. 

1. Clearly we need to check the statement only for non-Abelian composition factors. Every 
non-Abelian composition factor S of G is isomorphic to PSL 2 (3 3 ) and kxxt G {S) = L. By 
Theorem 15.4.11 L contains a Carter subgroup (that is equal to a Sylow 3-subgroup). 

2. Since (G fl M)/H is nilpotent, and from the previous statement we obtain that G fl M 
satisfies (E), so it contains a Carter subgroup (it is easy to see that a Sylow 3-subgroup of 
G n M is a Carter subgroup of Gn M). 

3. Evident. 

4. Assume that if is a Carter subgroup of G. Then KHj H is a Carter subgroup of G/H. 
But G/H is a non-Abelian group of order 6, hence G/H ~ Sym 3 and KH/H is a Sylow 2-sub- 
group of G/H. By LemmaEHl Aut x (PSL 2 (3 3 )) is a Carter subgroup of Aut^ H (PSL 2 (3 3 )) = 
PSL 2 (3 3 ). But PSL 2 (3 3 ) does not contain Carter subgroups in view of Theorem 15.4. 1L 
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6.4 Classification of Carter subgroups 

In view of condition (E) and Theorem l6.2.2l the description of Carter subgroups in finite groups 
is reduced to the classification of Carter subgroups in almost simple groups A with A/F*(A) 
nilpotent. The classification of Carter subgroups in groups with this condition is obtained in 
previous sections and we give it here for convenient usage. 

We prove first the following theorem, showing that if, for a subgroup S of Aut(G), there 
exists a Carter subgroup, then it exists in every larger group S < A < Aut(G) (here G is a 
known simple group). 

Theorem 6.4.1. Let G be a finite simple group and G < A < Aut(G) an almost simple group 
with simple socle G. Assume that A contains a subgroup S such that G < S and S contains a 
Carter subgroup. 

Then A contains a Carter subgroup. 

Proof. Let K be a Carter subgroup of S. Clearly we may assume that S = KG. 

Assume that either G ~ Alt n for some n ^ 5, or G is sporadic. Since by Lemma [3.2. Ill 
each element of odd prime order of G is conjugate to its inverse, and since |Aut(G) : G\ is a 
2-power, Lemmas 12.4.21 and 12.4.61 imply that if some group G < S < Aut(G) contains a Carter 
subgroup K, then K, is a Sylow 2-subgroup of S. Since \A : S\ is a 2-power, the statement of 
the theorem in this case follows from Lemma 12.4.61 

Assume that G = 3 D^(q). By [44, Theorem 1.2(vi)] each element of G is conjugate to its 
inverse. If q is odd, then Lemma 14.2.51 implies that K is a Sylow 2-subgroup of 5*. So by 
Lemmas 12.4.61 and 14.2.51 it follows that A satisfies (ESyl2), i. e., contains a Carter subgroup. 
If q — 2* is even, then by Theorems 15.3.11 and 15.4.11 it follows that S = Aut(G) and we have 
nothing to prove. 

Assume that G is a group of Lie type, G ^ ^D^q) and, if G ~ D A (q), then S < Ax, where 
Ax < Aut(/} 4 (g)) is defined in Theorem 15.3. 1L Then S satisfies one of conditions (a)-(d) of 
Theorem 15.4. 1L Consider all these cases separately. 

Assume that S satisfies (a). In this case we have |Aut(G) : S\ ^ 2 and so, for each A such 
that S < A < Aut(G), either A = S, or A = Aut(G). In any case A satisfies to statement (a) 
of Theorem 15.4.11 and contains a Carter subgroup. 

Assume that S satisfies to statement (b). Then |Aut(G) : S\ = 2 and either A = S, or 
A = Aut(G). In the first case we have nothing to prove. In the second case G = PGL 2 (3 t ) 
satisfies (ESyl2), hence by Lemma 14.3.31 group A also satisfies (ESyl2) and by Lemma [2.4.31 
contains a Carter subgroup. 

Assume that S satisfies statement (c) of Theorem 15.4.11 Then S = Aut(G) and we have 
nothing to prove. 

Assume that S satisfies condition (d) of Theorem 15.4.11 By Lemma 14.3.11 S n G satisfies 
(ESyl2). By Lemma l4.3.3l every subgroup A of AutG, containing SdG also satisfies (ESyl2), 
hence by Lemma 12.4.31 it contains a Carter subgroup. 

Now assume that G = D A (q) and S satisfies conditions of Theorem 15.3. 1L Since graph 
automorphisms of orders 2 and 3 do not commute, only one of them can be contained in a 
nilpotent subgroup. Thus we may assume that only one of them is contained in A. Then 
every subgroup A containing S, either satisfies to Theorem 15.3.11 or satisfies to Theorem 15.4.11 
condition (a), if q is even and condition (d), if q is odd, i. e., it contains a Carter subgroup. □ 



Note that from Theorem 16.4.11 and [9] an interesting corollary follows. 
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Lemma 6.4.2. Let S be a known finite simple group, S qk J\ and G = Aut(S'). Then G 
contains a Carter subgroup. 

Proof. By [9, Theorems 2 and 3], if S is not of Lie type and is not equal to Ji, then group of 
its automorphisms Aut(.S') satisfies (ESyl2) and, by Lemma 12.4.31 contains a Carter subgroup. 
Now, if S is of Lie type in even characteristic, then Aut(S') contains a Carter subgroup in view of 
Theorem 15.4.11 (a). If S is of Lie type in odd characteristic and 5" 9^ 2 G 2 (3 2ri+1 ), then S satisfies 
(ESyl2), so contains a Carter subgroup by Lemma [2.4.31 By Theorem 16.4.11 Aut(S') contains 
a Carter subgroup. Finally, if S ~ 2 G 2 (3 2n+1 ), then Aut(S') contains a Carter subgroup in view 
of Theorem 15.4.1( c) . □ 

Tables given below are arranged in the following way. In the first column is given a simple 
group S such that Carter subgroups of Aut(S') are classified. In the second column we give 
conditions for a subgroup A of its group of automorphisms for A to contain a Carter subgroup. 
In the third column we give the structure of a Carter subgroup K. In every subgroup of Aut(S') 
lying between S and A Carter subgroups does non exist. By P r {G) a Sylow r-subgroup of G 
is denoted. By (p we denote a field automorphism of a group of Lie type 5, by r we denote 
a graph automorphism of a group of Lie type S contained in K (since graph automorphisms 
of order 2 and 3 of -D 4 (g) does not commute, only one of them can be in K). If A does not 
contains a graph automorphism, then we suppose r = e. By tj) we denote a field automorphism 
of S of maximal order contained in A (it is a power of (p, but (■0) can be different from (<p)). By 

K{U^{2)) a Carter subgroup of order 2 • 3 of 2 A 2 {2) is denoted. If G is solvable, then by K{G) 
we denote a Carter subgroup of G. In Table [POl by ( is denoted a graph-field automorphism of 
order 2t of A 2 (2 2t ). 

Table 7: Groups of automorphisms of alternating groups, containing Carter subgroups 



Group S 


Conditions on A 


Structure of K 


Alt 5 


A = Sym 5 


K = P 2 (Sym 5 ) 


Alt n , n ^ 6 


none 


K = P 2 (S) 



Table 8: Groups of automorphisms of sporadic groups, containing Carter subgroups 



Group S 


Conditions on A 


Structure of K 


J 2 , J3, Suz, HN 


A = Aut(S) 


K = P 2 (A) 


^ J 1 ,J 2 ,J 3 ,Suz,HN 


none 


K = P 2 (A) 



Table 9: Groups of automorphisms of exceptional groups of Lie type, containing Carter subgroups 



Group S 


Conditions on A 


Structure of K 


2 B 2 (2 2n+1 ), n ^ 1 


A = Aut{S) 


K=(<p)x P2( 2 B 2 (2)) 


( 2 F 4 (2))' 


none 


K = P 2 {A) 


2 F 4 (2 2n+1 ), n > 1 


A = Aut(S) 


K=(<p)x P 2 ( 2 F 4 (2)) 


2 G 3 (3 2n+1 ) 


A = Aut(G) 


(<P) * (2 x P), 
where |P| = 3 lv|a 


remaining, q odd 


none 


K = P 2 (A) x K(0(N A (P 2 (A)))) 


remaining, q = 2* 


(pg e A, g e S 


(r,^)XP 2 (5 V9/ ) 



LIST OF TABLES 

Table 10: Groups of automorphisms of classical groups, containing Carter subgroups 



56 



Group S 


Conditions on A 


Structure of if 


Ai(q), q = ±l (mod 8) 


none 


A" = N A (P 2 {S)) 


Ax(q), q = ±3 (mod 8) 


5 < A 


K = N A (P 2 (S)) 


A n (2 t ), t > 2, if n= 1 


(pg G A, g e S 


if = (ip, t) X S V2 , 


A 2 {r t ), 3\t 


(S,(g) < A < SA ((), 
C^im) ^PGU 3 (2) 


K = ((g) x if (PGU 3 (2)) 


A n (q), q odd, n ^ 2 


none 


if = x if(0(iV A (P 2 (A)))) 


2 A 2 (2 t ), t odd, 3 ft 


{S,tp 2 >g) < A <5X(</? 2 ') 
C An ^)^PGU 3 (2) 
C7, n . ? (^)^PSU 3 (2) 


if = (<p v ) x if (PGU 3 (2)) 
if =<<?2') xP 2 (PSU 3 (2)) 


M 2 (2*) 


A = Aut(£) 


if = (^)XP 2 (^,) 


2 .4„(<z), 9 odd 


none 


if = P 2 (A) x if(0(iV A (P 2 ( J 4)))) 


=%,(2*), n > 3 


A = Aut(5) 


if =(lp)AP 2 {S V2I ) 


B 2 (q), q = ±l (mod 8) 


none 


K = P 2 (A) x K{0(N A (P 2 (A)))) 


P 2 (2 £ ), i ^ 2 




K=(p,t)AP 2 ((S t ) v ) 


B 3 (?), q = ±3 (mod 8) 


5 < A 


if = P 2 (A) x if (0(iV A (P 2 (A)))) 


B n (q), q odd, n ^ 3 


none 


if = P 2 (A) x K(0{N A (P 2 (A)))) 


CUo) o = ±1 (mod 8) 


none 


if = P 2 (A) x if (0(N A (P 2 (A)))) 


H ( n \ n = + Q (mnr\ R) 


*J _^ /l 


Jf — PnM 1 ! x K((1(Na (Pn(AX\X\ 




4 — Ant f' <t°I 






none 


if ItI < 9 thpn 

11 / ^ , Lllcll 

if = P>(A) x iffOfiV^fP^fAlllV 
if \t\ = 3, then 
if =(r,V>XP 2 (5 T ) 


£ 4 (2 4 ) 


<P e A 


if |r| ^ 2, then 
K = (t,lp)AP 2 (S V2 ,)- 
if |t| = 3, then 
if =(r, riXP 2 ((S T ) w ) 


D n (q), q odd, n > 5 


none 


if = P 2 (A) x if (0(iV A (P 2 (A)))) 


D n (2*), n ^ 5 


<P e A 


if = (t,<p)/.P 2 (S V2 ,) 


2 D n (q), q odd 


none 


if = P 2 (A) x K(0(N A {P 2 (A)))) 


a A.(2*) 


A = Aut(S) 


if =(^)XP 2 (5 V2/ ) 
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